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PREFACE  TO  PAPERBACK  EDITION 

Since  this  report  was  written,  five  years  ago,  much  has  been  done 
to  further  develop  and  apply  analytical  techniques  to  the  solution 
of  complex  management  problems. 

One  significant  advance  has  been  the  development  of  PERT  tech- 
niques for  the  cost  and  schedule  control  of  complex  development 
programs,  such  as  the  Polaris  missile  and  submarine  system.  By 
means  of  these  new  analytical  tools,  slippages  in  schedules  and  cost 
overruns  can  be  spotted  before  they  would  normally  be  apparent  and 
corrective  action  can  be  taken.  A  tremendous  amount  of  literature 
is  available  on  PERT.  An  article  in  the  June  1963  issue  of  News 
Front  provides  a  general  and  nontechnical  description  of  PERT  and 
the  types  of  problems  that  can  be  solved  with  it. 

Other  important  contributions  to  the  field  have  been  made  by  men 
such  as  Jay  W.  Forrester  {Industrial  Dynamics,  1961,  M.I.T.  Press) 
and  others  who  have  developed  computer  models  of  complex  and 
dynamic  industrial  production  and  distribution  systems. 

Since  this  study  was  written  substantial  progress  also  has  been 
made  in  computer  languages  and  programs,  so  that  today  the  costs 
of  preparing  complex  management  problems  for  computer  solution 
are  considerably  less  than  they  would  have  been  a  few  years  ago. 

In  this  edition  I  have  substituted  for  the  original  example  of  a 
linear  programming  problem,  a  much  better  and  clearer  example 
which  has  been  prepared  by  John  B.  Friauf. 

Since  the  original  publication  of  this  report  my  own  work  has 
shifted  from  the  field  of  management  consulting  to  the  ranks  of 
industrial  management.  As  a  consequence,  I  now  feel  even  more 
strongly  that  management  must  itself  have  some  basic  understand- 
ing of  the  capabilities  and  limitations  of  mathematical  analysis  as 
applied  to  management  problems  before  these  techniques  can  be 
used  effectively. 


PREFACE 


Since  World  War  II  a  variety  of  new  analytic  techniques  for  solving 
complex  management  problems  have  been  developed  from  the  disci- 
plines of  science  and  mathematics.  The  simultaneous  development  of 
high-speed  computers  has  provided  added  means,  and  incentive,  to 
mathematically  and  scientifically  trained  people  to  try  their  hand  at 
some  of  the  tougher  problems  of  management.  These  techniques  have 
been  grouped  under  such  titles  as:  operations  research,  systems 
analysis,  probability  theory,  game  theory,  input-output  analysis,  and 
operational  gaming. 

The  technical  publications  describing  this  work  have  grown  apace. 
Unfortunately,  much  of  the  material  has  been  written  in  technical 
language  that  is  difficult  for  a  nonmathematician  to  understand.  Even 
the  titles  can  be  discouraging.  For  example:  "Direct  Use  of  Extremal 
Principles  in  Solving  Certain  Optimizing  Problems  Involving  In- 
equalities," or  "The  Distribution  of  the  Time  Required  to  Reduce 
to  Some  Preassigned  Level  a  Single-Channel  Queue  Characterized 
by  a  Time-Dependent  Poisson-Distributed  Arrival  and  a  General  Class 
of  Holding  Times,"  or  "Gradient  Methods  for  Constrained  Maxima." 

This  report  is  designed  as  a  bridge  between  the  specialists  and  the 
managers  who  must  have  some  understanding  of  the  capabilities  and 
limitations  of  these  new  decision-making  tools  if  they  are  to  be  used 
intelligently.  The  report  is  divided  into  four  parts: 

1.  An  outline  of  the  different  ways  these  tools  can  be  used,  and  an 
explanation  of  the  central  function  of  the  mathematical  model. 

2.  A  description  of  the  various  analytical  techniques,  such  as  linear 
programing,  which  are  available  for  solving  management  problems. 

3.  An  examination  of  the  actual  and  potential  applications  of  these 
techniques  to  practical  management  problems. 

4.  An  evaluation  of  the  capabilities  and  limitations  of  these  tools 
and  of  the  factors  that  are  key  to  their  successful  use. 

The  report  is  written  for  those  who  have  had  little  or  no  mathe- 
matical training.  In  a  few  cases,  some  mathematical  description  has 
been  included,  but  the  reader  can  easily  skip  these  short  sections  if 
he  so  desires. 

FALL,  1953 
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Part  I. 

AN  INTRODUCTION  TO  MATHEMATICAL 
ANALYSIS 


A  chief  executive  often  faces  the  problem  of  selecting  from  among 
several  alternatives  a  plan  that  will  commit  his  company  to  a  major 
expenditure.  He  may,  for  example,  have  to  choose  a  plan  for  expand- 
ing capacity  in  order  to  supply  rapidly  increasing  markets.  In  doing 
so,  he  must  consider  many  basic  factors  that  will  affect  the  profit- 
ability of  the  plan  chosen,  including:  the  future  growth  rate  of  the 
market,  the  future  geographical  distribution  of  the  market,  future 
price  levels,  production  costs,  labor  costs,  raw  material  costs,  his 
company's  share  of  the  market,  etc.  Each  of  these  involves  a  large 
element  of  uncertainty.  But,  since  the  executive  cannot  avoid  making 
decisions,  he  and  his  assistants  make  the  best  estimates  they  can 
for  each. 

Unfortunately,  the  use  of  only  a  single  estimate  for  each  factor, 
such  as  the  size  of  the  market  three  years  hence,  can  result  in  failure 
to  consider  some  of  the  most  significant  situations  that  may  arise 
in  the  future.  If,  to  take  a  grossly  oversimplified  example,  there  are 
only  ten  independent  factors  to  be  considered,  and  if  there  is  a 
two-thirds  chance  of  each  estimate's  being  correct  to  within  5  per 
cent  (a  high  probability),  the  probability  that  all  ten  will  be  correct 
to  within  5  per  cent  is  only  1.7  per  cent.  If,  instead,  the  probability 
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of  each  of  the  ten  factors'  being  correct  to  within  5  per  cent  drops 
to  a  50-50  chance,  the  probability  that  all  ten  will  be  within  5  per 
cent  range  drops  to  less  than  0.1  per  cent.  Thus  the  executive  who 
used  a  single  estimate  for  each  factor  would  be  ignoring  other  possible 
conclusions  having  a  combined  probability  of  occurrence  of  99.9  per 
cent. 

Clearly,  to  be  certain  that  all  the  important  combinations  of  future 
events  are  considered,  management  must  study  the  implications  of 
a  very  large  number  of  alternative  situations.  Yet  normal  planning 
techniques  can  at  best  handle  only  a  small  number  of  combinations 
of  specific  projections  of  key  factors. 

Mathematical  analysis  gives  the  executive  many  new  tools  for  im- 
proving his  decisions:  (a)  by  increasing  the  number  of  alternatives 
that  he  can  consider;  (b)  by  speeding  up  the  decision  processes; 
(c)  by  helping  him  to  evaluate  the  relative  risks  of  bold  and  con- 
servative courses;  and  (d)  by  helping  him  to  bring  into  optimum 
balance  the  many  diverse  elements  of  a  modern  enterprise. 


MANAGEMENT'S  NEED  TO  UNDERSTAND 
THE  NEW  TOOLS 

Mathematical  analysis  is  a  tool  to  be  used  by  management — not  a 
substitute  for  it.  Like  anything  else,  it  can  be  used  improperly  and 
can,  in  the  wrong  hands,  become  a  very  dangerous  device.  To  a 
greater  degree  than  heretofore,  the  professional  specialist  in  the  form 
of  the  mathematical  analyst  is  moving  directly  next  door  to  the 
executive  offices  of  the  corporation.  If  the  executive  is  to  gain  the 
benefits  of  mathematical  analysis,  yet  protect  himself  against  its 
misuse,  he  must  gain  some  understanding  of  both  its  capabilities 
and  its  limitations.  The  use  of  analysts  in  this  way  is  fundamentally 
different  from  the  use  of  technical  experts  for  advice  in  their  own 
fields — such  as  metallurgy  or  chemistry. 

The  relationship  between  the  executive  and  the  specialist  is  much 
more  intimate  in  this  new  field  than  it  is  in  the  traditional  technical 
fields.  To  a  very  considerable  degree,  management  judgment  must 
be  combined  with  the  technical  skill  of  the  specialist  in  selecting  the 
problem,  in  defining  the  relationships  among  the  various  factors,  and 
in  interpreting  the  results. 
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WAYS  OF  USING  THE  NEW  TOOLS 


The  new  mathematical  analytic  tools  for  decision  making  can  be 
used  in  several  different  ways: 

1.  To  find  the  optimum  combination  of  a  very  large  number  of 
interrelated  factors. 

2.  To  find  the  best  solution,  or  at  least  a  good  solution,  to  prob- 
lems involving  uncertainty  of  future  events. 

3.  To  find  meaningful  relationships  among  many  interacting  fac- 
tors and  to  separate  the  important  factors  from  the  unimportant. 

4.  To  develop  ways  of  collecting  and  processing  significant  data 
at  minimum  cost. 

5.  To  relate  quantitatively  the  operational  objectives  of  the  indi- 
vidual segments  of  a  business  or  government  organization,  or  even 
of  individual  workers,  to  the  over-all  objectives  of  that  organization. 

6.  To  test  the  sensitivity  of  any  given  solution  to  changes  in 
controlling  factors. 

Most  practical  problems  encountered  will  include  several,  if  not 
all,  of  these  uses  of  mathematical  analysis.  They  are  examined  in 
greater  detail  below. 

1.  Finding  the  optimum  combination  of  a  very  large  number  of 
variables:  In  many  situations,  all  the  factors  are  known  and  measur- 
able, and  their  relationships  are  fully  understood.  In  such  situations, 
the  only  difficulty  in  finding  the  best  combination  is  the  very  large 
number  of  alternatives  that  must  be  calculated  and  compared.  Take, 
for  example,  a  deceptively  simple  problem.  A  salesman  wants  to  lay 
out  a  trip  to  all  the  state  capitals,  starting  from  and  returning  to 
New  York,  so  as  to  minimize  the  distances  traveled.  The  problem  can 
be  attacked  in  four  different  ways: 

(a)  The  salesman  can  select  his  route  by  laying  out  a  few  alterna- 
tives that  look  "reasonable,"  measuring  each  of  them,  and 
selecting  the  shortest.  This  method  will  undoubtedly  give  a 
good  quick  solution;  but  it  cannot,  except  by  luck,  find  the 
best  of  all  possible  alternatives. 

(b)  He  can,  at  least  theoretically,  lay  out  all  possible  routes  and 
measure  each  in  turn.  But  even  in  this  simple  problem,  the 
number  of  possible  routes  is  astronomical.  It  is  approximately 
10°°,  or  "one"  followed  by  fifty  zeros.  If  the  salesman  had 
started  his  analysis  when  the  world  was  still  cooling  and 
before  even  one-cell  life  had  appeared,  and  if  he  had  measured 
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100,000  routes  a  second  ever  since,  with  no  time  off,  he  would 
by  now  just  be  getting  started  on  the  analysis!  Obviously, 
many  practical  problems  are  of  even  greater  complexity. 

(c)  He  can  use  a  new  mathematical  procedure  worked  out  at  the 
RAND  Corporation,  by  which  this  problem  was  actually  solved 
in  seven  steps,  and  which  yielded  the  provably  best  route. 

(d)  Finally,  he  can  lay  out  a  few  routes,  just  as  in  the  first 
approach,  and  then  by  mathematical  means  estimate  the  prob- 
ability that  the  best  answer  among  these  deviates  from  the 
true  best  answer  by  not  more  than  a  given  percentage.  If  the 
probability  of  a  greater  deviation  is  higher  than  he  is  pre- 
pared to  accept,  he  can  then  try  a  few  more  routes  with  the 
objective  of  reducing  the  chance  of  an  unacceptably  large 
error. 

The  third  and  fourth  approaches  are  typical  of  the  uses  of  mathe- 
matics in  handling  complexity.  In  this  case,  the  use  of  either  of  these 
latter  methods,  instead  of  the  first  approach,  probably  would  be  justi- 
fied only  if  something  more  costly  than  a  single  salesman  were 
involved.  But  in  many  other  problems,  the  potential  payoff  of  even 
a  1  per  cent  improvement  is  so  high  that  the  cost  of  the  analysis 
will  be  repaid  many  times. 

It  should  be  recognized,  of  course,  that  many  problems  of  a  similar 
or  greater  complexity  still  cannot  be  solved  precisely,  and  a  large 
portion  of  these  may  never  be  susceptible  of  a  precise  solution  at  a 
reasonable  cost. 

2.  Finding  the  solution  to  problems  involving  uncertainty:  Many 
management  problems  involve  decisions  based  on  future  events  that 
cannot  be  precisely  predicted.  Mathematical  analysis  provides  a  way 
of  describing  and  evaluating  uncertainty  which  is  known  as  "prob- 
ability theory."  Some  types  of  uncertainty  can  be  precisely  described 
in  mathematical  terms  derived  from  simple  assumptions  of  prob- 
ability; other  types  of  uncertainty  can  only  be  described  as  mathe- 
matical approximations;  and  for  some  problems,  human  intuition  is 
probably  still  the  best  means  of  evaluation.  For  example,  the  prob- 
ability of  rainfall,  and  therefore  of  other  events  dependent  upon  it, 
can  be  expressed  mathematically  quite  accurately.  The  probability  of 
new  customers'  switching  from  a  competitor  as  a  result  of  sales  calls 
or  advertising  cannot  be  expressed  in  precise  mathematical  terms, 
but  can  be  estimated  from  past  performance.  The  probability  of  a 


strike,  on  the  other  hand,  can  often  be  best  estimated  by  the  intuitive 
judgments  of  mediators,  labor  reporters,  and  other  experts. 

But  regardless  of  how  an  estimate  of  the  probability  of  the  occur- 
rence of  a  future  event  is  made,  it  can  usually  be  used  in  the  solution 
of  a  management  problem,  provided  the  implications  of  probable 
error  in  the  estimate  are  correctly  weighed. 

3.  Finding  meaningful  relationships  among  many  interacting  fac- 
tors: In  many  actual  situations,  it  often  appears  impossible  to  sort 
out  and  identify  those  factors  that,  together,  control  the  desired  result. 
Even  if  it  were  possible  to  vary  only  one  factor  at  a  time,  the  informa- 
tion thus  obtained  would  probably  be  of  little  value  in  predicting  the 
combined  effects  of  all  factors  simultaneously.  Under  such  circum- 
stances, management  has  been  forced  to  act  on  fragmentary  and 
piecemeal  data,  which  at  best  give  poor  guides  to  future  action.  This 
is  particularly  true  of  marketing  problems  because  so  few  of  the 
significant  factors  are  under  the  control  of  the  seller. 

For  example,  how  much  of  a  75  per  cent  increase  in  the  volume 
of  beer  sold  through  a  given  distributor  is  attributable  to  local  adver- 
tising, to  national  advertising,  to  sales  promotion,  and  to  the  effort 
and  skill  of  the  distributor?  How  much  is  attributable  to  the  corre- 
sponding activities  of  competitors?  How  much  to  price?  Finally,  how 
is  this  increase  related  to  the  share  of  the  market  at  the  beginning 
of  the  period  measured?  If  the  answers  to  these  questions  were 
known,  the  brewer  would  know  more  accurately  how  much  money 
to  allocate  to  advertising  and  sales  promotion  and  what  distributor 
markup  and  price  concessions  to  allow. 

The  major  analytical  problem  is  to  find,  not  only  the  effect  attribu- 
table to  each  factor  separately,  but  also  the  effect  attribuable  to  com- 
plex interactions  of  price,  advertising,  and  sales  effort.  For  a  given 
advertising  expenditure  would  have  one  result  with  a  low  point-of- 
sales  effort,  and  a  very  different  result  with  a  higher  point-of-sales 
effort. 

So  far,  the  tools  of  mathematical  analysis  have  been  applied  to 
such  problems  on  an  experimental  basis  only.  But  it  can  be  said 
that  these  tools  now  offer  a  means  of  analyzing  past  data  on  inter- 
acting factors  and  of  designing  further  experiments  that  could  pro- 
duce useful  conclusions  with  a  minimum  of  data-collecting  effort 
and  with  a  minimum  of  costly  interference  with  the  system  being 
studied. 
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4.  Collecting  and  analyzing  data  at  minimum  cost:  The  use  of 
mathematical  analysis  in  decision  making  inevitably  leads  to  increased 
requirements  for  data.  Since  much  of  the  information  needed  is  sel- 
dom readily  available  from  company  records,  data  collection  becomes 
an  almost  unavoidable  preliminary  problem.  Data  collection  in  most 
cases  represents  the  bulk  of  the  costs  of  mathematical  analysis,  and 
it  is  important  to  find  a  means  to  do  it  economically. 

Sampling  techniques  (discussed  at  some  length  in  Part  II)  are  one 
mathematical  tool  that  is  proving  to  be  increasingly  useful  for  data 
collection.  Much  work  has  been  done  on  sampling  in  the  last  few 
years;  and,  as  a  result,  several  alternative  sampling  procedures  are 
available  for  most  data-collection  problems.  Each  procedure  has  its 
own  associated  costs,  but  it  is  possible  to  minimize  the  total  cost  of 
sampling  required  to  gain  an  acceptable  degree  of  accuracy.  For 
example,  one  may  have  a  choice  between,  on  one  hand,  a  sophisticated 
technique  that  requires  only  a  small  sample  to  yield  an  answer  within 
a  given  expected  error,  and,  on  the  other  hand,  a  simpler  technique 
that  requires  a  larger  sample. 

No  amount  of  analysis  can  breathe  significance  into  a  mass  of 
statistics  unless  the  required  information  is  actually  contained  in  the 
data.  But  a  good  statistical  analyst  can  often,  through  better  anlalysis, 
uncover  significant  information  that  a  handbook  statistician  would 
either  miss  or  misinterpret. 

5.  Relating  operational  objectives  of  parts  of  an  organization  to 
the  organization  s  over-all  objectives :  If  a  problem  is  to  be  solved 
by  mathematical  means,  it  is  necessary  to  define  the  objective  so  that 
it  can  be  measured  quantitatively  and,  if  there  are  several  elements 
of  the  objective,  to  relate  them  all  precisely  so  that  the  over-all  objec- 
tive can  be  measured  in  numerical  terms.  It  is  in  failure  to  take  this 
latter  step  that  some  of  the  greatest  dangers  of  mathematical  analysis 
lie.  To  cite  several  examples:  Reduction  in  idle  machine  time  as  an 
objective  may  result  in  greater  in-process  inventories.  The  reduction 
in  air-freight  costs  for  emergency  parts  delivery  may  result  in  greater 
losses  in  the  assembly  department.  And  a  drive  to  cut  bad-debt  losses 
may  result  in  credit  limitations  that  depress  sales — and  profits — by 
more  than  the  amount  of  the  loss  avoided. 

The  selection  of  a  limited  goal  for  a  subordinate  part  of  the  total 
activities  of  a  corporation,  and  the  organization  of  this  limited  activity 
to  realize  the  limited  goal,  is  called  "partial  optimization"  or  "sub- 
optimization."  While  it  is  essential  that  such  limited  goals  be  set 
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for  subordinate  units,  great  care  must  be  observed  to  be  sure  that 
the  goals  selected  are  consistent  with  the  over-all  objective  of  the 
corporation. 

In  many  problems,  objectives  of  different  departments  may  be  in 
conflict.  The  treasurer  might  consider  the  objective  of  inventory  policy 
to  be  the  minimization  of  capital  tied  up  in  inventory.  The  produc- 
tion department  would  regard  as  optimum  an  inventory  policy  that 
permitted  the  longest  production  runs  and  a  stable  level  of  opera- 
tions. The  sales  department  would  regard  as  optimum  an  inventory 
policy  that  always  permitted  immediate  deliveries  from  inventory. 
If  such  a  problem  were  to  be  analyzed  mathematically — in  order  to 
determine  reorder  points  and  quantities  that  would  minimize  total 
costs — it  would  be  necessary  to  reconcile  these  conflicting  objectives 
into  a  single  measure  representing  the  over-all  profit  interests  of  the 
company. 

An  example  of  a  problem  "suboptimized"  with  an  incorrect  objec- 
tive is  a  World  War  II  operations  research  study  which  showed  that 
the  larger  a  convoy  of  ships,  the  smaller  would  be  the  losses  resulting 
from  enemy  submarine  action.  Although  this  conclusion  proved  to  be 
correct,  the  solution  failed  to  meet  the  real  objective,  which  was 
maximum  delivery  of  supplies  to  Europe.  As  the  size  of  convoys  was 
increased,  a  point  was  reached  beyond  which  the  over-all  deliveries 
were  actually  reduced;  for  the  increased  delays  of  loaded  ships 
waiting  for  convoys  to  assemble,  and  the  increased  delays  in  unload- 
ing in  congested  British  ports,  more  than  offset  the  reduction  in 
sinkings.  A  study  that,  instead,  took  as  it  objective  the  maximization 
of  tonnage  delivered  to  Europe  before  December  1944,  would  have 
found  the  optimum  convoy  size  that  minimized  the  combined  losses 
arising  from  loss  of  ships  and  from  port  delays. 

A  particular  value  of  mathematical  analysis  is  that  it  makes  it 
extremely  difficult  to  sweep  under  the  rug  such  knotty  problems  on 
objectives.  If  one  is  studying  the  operation  of  an  airline,  it  is  not 
sufficient  to  say  that  the  criterion  for  effective  scheduling  is  to  maxi- 
mize the  flying  time  of  each  aircraft  and  maximize  the  load  factor 
or  percentage  of  seats  sold.  To  define  mathematically  the  criteria 
for  scheduling,  one  must  show  precisely  how  these  two  measures,  as 
well  as  others,  act  on  one  another  in  their  contribution  to  profits. 
For  example,  an  added  night  flight  may  increase  aircraft  usage,  but 
reduce  the  average  usage  of  seats  as  well  as  increase  maintenance 
problems.  The  real  questions  are:  how  are  these  and  other  factors 
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related,  and  what  is  the  real  measure  of  good  scheduling?  Mathe- 
matical analysis  provides  a  rigorous  discipline  which  makes  it  hard 
to  duck  such  questions. 

6.  Testing  the  sensitivity  of  the  solution  to  variations  in  individual 
factors:  Mathematical  techniques  provide  a  greater  opportunity  to 
explore  a  broad  range  of  solutions  and  to  estimate  the  sensitivity 
of  the  solution  to  changes  in  individual  elements  or  in  combinations 
of  these  elements.  Fortunately,  most  management  problems  appear 
to  be  relatively  insensitive  to  changes  over  a  relatively  wide  range 
or  "band." 

If  the  manager  knows  the  width  of  this  band,  he  will  know  how 
precise  must  be  his  management  controls  to  be  sure  he  does  not  move 
out  of  his  optimum  range  of  operations.  He  will  also  know  that, 
even  though  the  precise  optimum  is  at  one  point,  he  can  safely  move 
away  from  that  point  by  a  given  margin  in  order  to  accommodate 
other  factors,  such  as  good  will.  He  can  also  form  some  estimate  of 
the  value  of  improving  some  of  his  management  controls.  For  exam- 
ple, it  has  been  shown  in  one  case  that,  if  one  has  a  good  method 
of  periodically  correcting  production  levels  for  errors  in  forecasting, 
a  mediocre  forecasting  technique  is  adequate  and  large  expenditures 
to  improve  forecasting  further  probably  will  not  be  worth  while. 

In  short,  mathematical  analysis  can  often  show  the  penalties,  if 
any,  for  operating  under  conditions  that  are  theoretically  less  than 
optimum. 

THE  ROLE  OF  THE  "MODEL" 

A  common  technique  for  solving  technical  problems  is  to  construct 
a  "model"  of  a  machine  or  an  activity,  which  can  be  used  to  simu- 
late its  operation  and  thereby  to  predict  its  behavior  in  an  actual 
situation.  Models  of  aircraft  are  always  tested  in  wind  tunnels  before 
production  is  started.  Often  the  model  is  not  a  physical  replica.  For 
example,  the  stresses  inside  a  rotating  shaft  connected  to  a  turbine 
have  been  studied  by  constructing  an  electrical  model  in  which  the 
distribution  of  stresses  under  various  loads  can  be  measured  by 
passing  electrical  currents  through  a  liquid  held  in  a  container. 
Models  of  many  types  are  being  used  increasingly  to  study  complex 
processes. 

In  mathematical  analysis,  the  word  "model"  is  used  to  mean  a 
mathematical  description  of  an  activity  which  expresses  the  relation- 
ships among  the  various  elements  with  sufficient  accuracy  that  it  can 
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be  used  to  predict  the  actual  outcome  under  any  expected  set  of 
circumstances.  These  models  are  of  many  types  and  their  character- 
istics depend  on  the  real-life  situation  they  simulate.  The  obvious 
advantage  of  a  model  is  that  it,  instead  of  the  organization  it  simu- 
lates, can  be  manipulated  in  a  variety  of  ways  until  the  best  solution 
is  found.  The  actual  organization  can  then  be  operated  in  an  optimum 
fashion  with  a  minimum  of  costly  experiments  and  adjustments. 

The  great  disadvantage  is  that  no  model  can  completely  duplicate 
reality;  therefore  both  the  construction  of  the  model,  and  the  trans- 
lation of  the  results  to  the  actual  problem,  must  be  done  with  both 
sophistication  and  humility. 

The  function  of  model  building  and  analysis  is  not  to  replace 
intuition  and  judgment,  but  rather  to  support  them  with  tools  for 
handling  complexity  and  uncertainty  with  which  the  human  intuition 
cannot  cope  unaided.  In  a  sense,  the  use  of  a  model  frees  the  intui- 
tion and  permits  it  to  concentrate  on  those  problems  to  which  it  is 
particularly  suited.  It  permits  the  creative  manager  to  test  rigorously 
the  implications  of  new  plans,  new  schemes,  and  new  ideas. 
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Part  II. 

TECHNIQUES  OF  MATHEMATICAL 
ANALYSIS 


This  section  describes  some  of  the  more  important  tools  of  mathe- 
matical analysis,  such  as  linear  programing,  queuing  theory,  and 
input-output  analysis.  The  breakdown  of  the  subject  into  these  head- 
ings runs  the  danger  of  misleading  the  reader  to  assume  that  actual 
problems  will  always  fall  neatly  into  one  or  another  of  these  cate- 
gories. Actually  most  solutions  will  incorporate  several  of  these  tech- 
niques. The  approach  should  never  be  to  try  to  find  problems  on 
which  linear  programing,  for  example,  can  be  used.  Instead,  one 
should  select  the  problems  most  important  to  management  and  then 
see  what  tools  of  analysis,  as  well  as  what  combination  of  analysis 
and  judgment,  will  give  the  best  solution. 

Some  of  these  tools  are  of  proven  use  in  solving  management 
problems;  others  have  had  limited  application  but  appear  to  have 
considerable  potential  use;  still  others  have  only  limited  possibilities 
of  practical  application,  at  least  at  their  present  state  of  development. 
Techniques  falling  into  the  latter  group  have  been  included  because 
they  have  been  discussed  extensively  in  both  technical  and  general 
management  literature. 

These  techniques  are  presented  in  three  groups:  probability  tech- 
niques, which  are  used  in  decision  making  under  conditions  of  uncer- 
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tainty ;  programing  techniques,  which  might  be  described  as  algebraic 
means  of  reaching  rigorous  mathematical  solutions  of  problems  in- 
volving the  complex  interaction  of  many  variables;  and  simulation 
techniques,  which  are  systematic  trial-and-error  means  of  solving 
problems  and  especially  of  finding  the  implications  of  different  poli- 
cies and  alternative  external  events.  It  is  important  to  recognize, 
however,  that  this  is  a  somewhat  arbitrary  grouping.  Some  of  the 
techniques  under  one  heading  are  closely  related  to  those  under  the 
other.  Moreover,  frequently  a  management  problem  is  solved  by  a 
combination  of  techniques  in  different  groups. 

MATHEMATICAL  APPROACHES  TO  DECISION 
MAKING  UNDER  UNCERTAINTY 

Statistics  and  Probability 

Modern  statistics  is  an  important  tool  for  solving  many  manage- 
ment problems.  A  statistician  is  often  thought  of  as  one  who  is  con- 
cerned solely  with  accumulating  masses  of  "numbers"  generated  by 
other  people  and  who  records  and  summarizes  these  numbers  in  some 
sort  of  semiclerical  fashion.  In  reality,  a  modern  statistician  can  make 
fully  as  important  a  contribution  to  the  success  of  an  enterprise  as 
can  a  physicist  or  engineer. 

E.  Bright  Wilson,  Professor  of  Chemistry  at  Harvard,  defines  the 
function  of  statistics  as  follows: 

It  is  the  purpose  of  statistical  analysis  to  provide  methods  of  treat- 
ing data  so  that  the  maximum  information  can  be  obtained  with  a 
predetermined  risk  of  drawing  false  conclusions.  No  method  of 
analysis  can  extract  more  information  from  a  set  of  data  than  is  con- 
tained therein,  and  no  method,  statistical  or  otherwise,  can  draw 
conclusions  from  experimental  data  with  zero  risk  of  error.  The  use 
of  statistical  methods  is  based  on  the  reasonable  assumption  that 
accepted  principles  of  logic  and  probability  should  produce  correct 
answers  more  often  than  guessing.* 

The  Role  of  the  Statistician 

What  should  a  manager  expect  from  a  statistician?  A  statistician 
can  perform  at  least  two  essential  functions:  he  can  collect  data  in 
the  most  efficient  manner,  and  he  can  draw  useful  conclusions  from 

*  E.  Bright  Wilson,  Jr.,  An  Introduction  to  Scientific  Research,  Mc- 
Graw-Hill, 1952. 
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it.  Data  collection  in  the  statistical  sense  usually  involves  sampling 
existing  information  as  a  means  of  reducing  costs,  and  often  will  also 
involve  the  design  of  special  tests  and  experiments  to  produce  addi- 
tional needed  information  that  is  not  contained  in  reports  and  records 
collected  in  the  normal  course  of  business.  In  the  field  of  data  collec- 
tion the  statistician  can: 

1.  Set  up  sampling  programs  so  that  the  maximum  of  useful  data 
can  be  collected  at  minimum  cost  and  effort. 

2.  Design  testing  programs  involving  the  simultaneous  interaction 
of  many  different  factors,  and  indicate  the  way  these  factors  should 
be  varied  in  order  to  yield  the  most  information. 

3.  Reduce  or  eliminate  bias  in  his  data  by  the  way  he  designs  the 
data-collection  programs  and  by  careful  testing  of  the  data  collected. 

Through  data  analysis,  the  statistician  can  establish  the  nature  and 
magnitude  of  relationships  that  may  be  suspected  to  exist  among  the 
various  factors  affecting  the  outcome  of  an  actual  situation  under 
study.  More  specifically,  he  can  perform  these  functions: 

1.  Although  he  will  never  be  able  to  give  categorical  conclusions, 
he  will  always  be  able  to  state  the  degree  of  confidence  one  can  have 
in  the  answers  he  produces.  For  example,  he  may  state  that  the  con- 
clusion drawn  from  analyzing  a  sample  has  a  95  per  cent  chance  of 
being  within  10  per  cent  of  the  real  answer,  or  a  90  per  cent  chance 
of  being  within  5  per  cent  of  the  real  answer. 

2.  He  will  be  able  to  reduce  to  any  desired  level  the  risk  of  drawing 
false  conclusions  (but  only  at  the  cost  of  collecting  more  information 
and  of  more  intensive  analysis  of  that  data). 

3.  He  will  often  be  able  to  predict  the  probability  of  each  of  several 
possible  outcomes  for  a  future  event. 

4.  He  will  be  able  to  conclude  whether  a  relationship  probably 
exists  between  two  factors  or  whether  an  apparent  relationship  is 
more  probably  due  simply  to  chance. 

5.  He  will  be  able  to  sort  out  the  relationships  among  many  differ- 
ent factors,  all  of  which  bear  on  the  outcome  of  an  event  or  activity, 
and  to  determine  both  the  effect  that  each  individual  factor  has  on 
the  outcome  and  the  combined  effect  of  the  interaction  of  any  two, 
three,  or  more  of  the  factors. 

6.  Perhaps  most  important,  he  will  be  able  to  prevent  needless 
errors  in  the  anlysis  of  data  which  an  untrained  person  will  unwit- 
tingly commit. 

In  performing  these  services,  the  statistician  makes  use  of  numer- 
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ous  techniques,  three  of  which — sampling,  probability  theory,  and 
factorial  analysis — are  discussed  here. 

Sampling 

In  some  situations  sampling  provides  the  only  possible  means  of 
drawing  conclusions  about  a  series  of  events.  In  others,  it  provides 
the  most  economical  means  of  reaching  conclusions. 

A.  Necessity  of  sampling:  The  necessity  of  sampling  can  be  seen 
in  these  examples  of  management  problems: 

1.  If  blasting  caps  were  to  be  100  per  cent  test-fired,  one  would 
know  exactly  what  percentage  were  duds  but  would  have  none  left 
to  be  sold. 

2.  In  deciding  on  the  feasibility  of  a  particular  dam  site,  knowledge 
of  the  annual  water  runoff  is  critical,  but  if  one  waits  until  floods 
occur  to  gain  this  knowledge,  it  will  obviously  be  too  late  to  build 
a  dam.  Hence  one  must  "sample"  the  runoff  that  has  occurred  in 
past  years  to  predict  the  probable  runoff  during  the  life  of  the  dam. 

3.  It  would  be  prohibitively  expensive  for  a  manufacturer  of  break- 
fast food  to  ask  every  consumer  in  the  United  States  to  try  a  new 
product  before  deciding  whether  or  not  to  launch  the  product.  The 
use  of  test  programs,  or  "samples,"  is  thus  the  only  feasible  way  of 
estimating  customer  acceptance  in  advance. 

In  fact,  sometimes  sampling  will  produce  a  more  accurate  result 
than  will  a  complete  count.  In  one  experiment,  six  people  were  asked 
to  count  the  number  of  "e's"  appearing  on  two  successive  pages  of 
a  book.  Their  results  were:  577,  495,  600,  558,  577,  569.  Next,  an 
estimate  was  made  by  counting  every  tenth  line.  The  estimate  based 
on  the  sample  was  611  and  took  about  one-third  the  time  required 
for  a  full  count.  The  actual  number  of  "e's"  on  the  two  pages  was 
622.  Thus  the  estimate  made  from  the  sample  was  closer  to  the  truth 
than  any  of  the  full  counts.  The  reader  can  easily  repeat  the  experi- 
ment. ( If  the  population  census  of  the  United  States  were  made  by 
sampling  instead  of  by  complete  count,  the  results  probably  would  be 
no  less  accurate  than  a  full  count  and  the  cost  would  be  far  less.) 

B.  Methods  of  sampling:  The  basic  question  in  sample  design  is 
an  economic  one.  The  more  accurate  the  conclusions  drawn  from  a 
sample,  the  more  it  will  cost.  Increased  accuracy  can  be  obtained  in 
two  ways:  by  increasing  the  sample  size  and  by  using  more  powerful 
means  of  analysis.  The  former  increases  the  cost  of  data  collection; 
the  latter  usually  means  spending  more  money  on  the  design  and 
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analysis  of  the  sample.  The  skilled  statistician  will  have  the  judgment 
necessary  to  find  the  optimum  plan. 

Before  a  sampling  program  can  be  set  up,  it  is  necessary  to  deter- 
mine the  degree  of  acceptable  error  in  the  conclusion  to  be  drawn. 
The  acceptable  error,  for  example,  in  estimating  potential  customer 
reaction  to  a  new  product  might  be  greater  than  the  acceptable  error 
in  estimating  accounts  receivable  for  auditing,  and  less  than  the 
acceptable  error  in  estimating  the  total  number  of  bolts  in  a  stock- 
room bin.  In  some  cases  the  optimum  sampling  error  can  be  calcu- 
lated as  that  which  will  minimize  the  combined  costs  of  sampling 
and  added  costs  of  operation  caused  by  the  probable  error. 

For  any  given  problem,  there  are  usually  several  alternative  means 
of  sampling  available.  The  principal  types  are: 

1.  "Random"  sampling,  in  which  the  items  to  be  sampled  are 
selected  without  plan. 

2.  "Systematic"  sampling,  in  which  the  items  to  be  sampled  are 
determined  by  taking,  for  example,  every  tenth  one.  This  procedure 
is  satisfactory  as  long  as  it  does  not  produce  biased  results.  Sampling 
the  supermarket  sales  of  soap  on  every  seventh  day  would  obviously 
produce  a  bias  as  it  would  select  the  same  day  each  week. 

3.  "Stratified"  sampling,  in  which  the  samples  are  selected  in  fixed 
proportions  from  specific  subgroups.  For  example,  an  estimate  of 
total  department  store  receipts  might  be  made  by  drawing  separate 
samples  from  sales  of  under  $5,  $5  to  $10,  and  over  $10.  The  accu- 
racy of  estimates  can  normally  be  increased  by  use  of  stratified  sam- 
ples. Furthermore,  one  can  be  assured  that  the  estimate  will  not, 
under  most  circumstances,  vary  more  than  a  specified  amount  from 
the  actual  value. 

4.  "Sequential"  sampling,  in  which  a  series  of  samples  is  taken 
until  the  results  are  sufficiently  conclusive  to  justify  discontinuing 
the  process.  Sequential  sampling  may  make  possible  a  reduction  of 
as  much  as  50  per  cent  in  the  number  of  items  sampled  and  is  very 
useful  where  sampling  costs  are  high,  as  in  the  testing  of  electronic 
equipment. 

For  such  a  test,  a  sample  is  initially  selected  from  the  production 
lot  to  be  tested.  The  testing  is  started,  and  the  cumulative  record  of 
acceptances  and  rejections  is  plotted  as  shown  in  Figure  1.  The  chart 
is  divided  into  three  areas:  a  center  area  represents  the  results  that 
are  not  conclusive  either  way;  the  area  on  the  left-hand  side  repre- 
sents acceptance;  and  the  area  on  the  right  represents  rejection.  The 
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tests  are  continued  until  the  line  of  cumulative  results  crosses  into 
one  or  the  other  of  the  two  areas.  The  lines  separating  the  three  areas 
are  determined  so  as  to  minimize  the  combined  costs  of  the  sampling 
process  and  of  the  probable  error  of  the  conclusion. 

A  modification  of  sequential  sampling  can  give  a  manufacturer 
useful  guides  so  that  he  can  revise  his  production  schedules  as  early 
as  possible.  For  example,  a  large  manufacturer  of  men's  shirts  needs 
to  know,  as  quickly  as  possible  after  he  has  introduced  a  new  line, 
which  style  will  sell  the  best,  which  will  be  moderately  profitable, 
and  which  will  not  sell  at  all.  To  get  this  answer,  he  might  use  the 
method  illustrated  in  Figure  2.  There  the  total  sales  of  "Shirt  A"  are 
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projected  at  10,000,  and  the  production  rate  has  been  scheduled 
accordingly.  As  each  successive  report  of  weekly  sales  is  received,  a 
line  is  plotted  representing  the  actual  sales  of  "Shirt  A"  in  relation 
to  the  planned  schedule  of  sales. 

The  first  week  85  shirts  are  reported  sold.  The  company  statistician 
will  determine  the  degree  of  confidence  that  can  be  placed  on  this 
first  report  as  a  prediction  of  the  total  sales.  Figure  2  shows  both 
the  actual  sales  reported  and  the  90  per  cent  confidence  range.  For 
this  first  report,  there  is  thus  a  90  per  cent  chance  that  the  total  sales 
for  the  season  will  run  between  8,000  (80  per  cent  of  plan)  and 
14,000  (140  per  cent  of  plan).  This  would  undoubtedly  be  inter- 
preted as  an  indication  that  production  should  not  be  cut  back  but 
that  it  was  too  early  to  make  a  decision  to  increase  production  to  a 
higher  level. 

At  the  end  of  the  second  week,  a  new  report  and  its  90  per  cent 
confidence  range  is  plotted.  It  shows  a  90  per  cent  chance  that  total 
sales  will  run  between  10,000  and  13,000  shirts.  Management  may 
decide  at  this  point  to  increase  the  production  rate  if  inventories  are 
low.  If  not,  the  decision  can  be  put  off  until  the  third  week.  At  the 
end  of  the  third  week,  the  90  per  cent  confidence  range  is  shown  to 
have  narrowed  to  between  11,800  and  13,000  shirts.  At  this  point, 
management  may  ask  its  statistician  for  the  confidence  range  for  a 
95  per  cent  probability.  On  being  told  that  there  is  a  95  per  cent 
probability  that  the  total  season's  sales  will  ultimately  be  between 
10,500  and  14,000  shirts,  management  decides  to  increase  production 
to  12,000  shirts  (a  20  per  cent  increase) ,  reasoning  that  there  is  only 
a  5  per  cent  chance  that  total  sales  will  run  less  than  11,800  and  a 
2.5  per  cent  chance  that  they  will  drop  as  low  as  10,500,  while  there 
is  a  50  per  cent  chance  that  at  least  12,600  shirts  will  be  sold.  At 
each  succeeding  week,  new  estimates  and  new  decisions  on  production 
rates  will  be  made  until  production  is  completed. 

Sequential  sampling  can  be  used  in  many  other  ways.  A  life  insur- 
ance statistician,  after  analyzing  past  records  of  insurance  sales 
trainees  and  their  later  performance,  could  establish  a  series  of  per- 
formance guides  for  the  periodic  weeding  out  of  potentially  unsuc- 
cessful men.  For  example,  at  the  end  of  three  months,  a  trainee  with 
a  performance  less  satisfactory  than  that  shown  at  the  end  of  three 
months  by  90  per  cent  of  past  trainees  might  be  predicted  to  have 
only  a  25  per  cent  chance  of  being  ultimately  successful.  Past  data 
might  reveal  that  at  the  end  of  six  months,  a  trainee  whose  perform- 
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ance  was  poorer  than  75  per  cent  of  the  trainees  would  have  only  a 
10  per  cent  chance  of  success,  while  a  trainee  whose  record  was 
poorer  than  90  per  cent  would  have  only  a  2  per  cent  chance  of 
success. 

With  this  information,  management  could  set  the  lower  limit  of 
performance  to  be  used  in  dropping  trainees,  with  accurate  knowl- 
edge of  the  probable  number  of  potentially  successful  people  who 
would  be  lost  to  the  company  as  a  result.  Management  might  thus 
decide  that,  at  the  end  of  three  months,  it  would  keep  all  trainees 
whose  performance  gave  them  a  30  per  cent  or  better  chance  of 
success,  while  at  the  end  of  six  months,  it  would  keep  only  those  who 
had  a  60  per  cent  or  better  chance  of  success.  Further,  it  would  be 
possible  to  determine  analytically  the  cutoff  percentages  at  different 
periods  that  would  minimize  the  probable  combined  losses  result- 
ing from  (a)  keeping  trainees  who  later  turned  out  unsatisfactorily 
and  (b)  dropping  trainees  who  might  ultimately  have  proved  to  be 
successful  salesmen. 

Probability  and  Decision  Making 

Most  management  decisions  involve  weighing  the  probabilities  of 
different  outcomes  of  future  events  that  the  manager  can  neither 
control  nor  predict  with  certainty.  For  example,  a  manager  cannot 
control  the  price  policy  of  his  competitor,  nor  can  he  predict  the 
future  market  size. 

Actuaries  in  the  insurance  business  have,  for  many  years,  employed 
probability  theory  in  estimating  risks  for  which  they  must  quote 
insurance  rates.  In  spite  of  this  successful  application,  probability 
theory  is  very  seldom  used  in  making  the  vast  majority  of  manage- 
ment decisions.  One  often  hears  a  business  executive,  a  diplomat,  or 
a  soldier  advocate  taking  a  "calculated  risk";  yet  99  out  of  100  of 
these  men  have  never  actually  calculated  the  risks  they  are  assuming. 
In  many  cases,  it  is,  of  course,  impossible  to  make  such  calculations. 
But,  in  many  others,  reasonably  accurate  calculations  of  risks— and 
of  the  costs  associated  with  these  risks — can  be  made. 

In  some  types  of  problems,  experienced  judgment  is  frequently 
surprisingly  accurate  when  compared  with  rigorous  mathematical 
calculations,  but  in  the  assessing  of  probabilities  it  is  quite  often 
unreliable.  For  example,  ask  your  friends  some  evening  how  probable 
it  is  that,  of  25  people  in  a  room,  at  least  2  have  the  same  birthday. 
I  have  tried  this  and  obtained  answers  varying  between  odds  of 
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"100  to  1"  to  odds  of  "10,000  to  1."  Calculation  of  the  true  prob- 
ability shows  that  there  is  actually  a  slightly  better  than  even  chance 
that  at  least  2  of  the  25  will  have  the  same  birthday.  If  the  group 
is  increased  to  60,  the  odds  go  up  to  over  99  per  cent. 

A.  Most  probable  development  not  always  best  basis  for  planning: 
Management  decisions  are  often  made  on  the  basis  of  a  single  fore- 
cast figure,  such  as  sales  or  Gross  National  Product,  which  is  projected 
into  the  future.  In  a  loose  way  this  projection  is  considered  to  indi- 
cate the  most  probable  course  of  future  events  and  therefore  the  best 
assumption  on  which  to  base  decisions.  If,  however,  the  penalties  for 
the  estimate's  being  inaccurate  in  one  direction  are  greater  than  those 
for  inaccuracies  of  comparable  degree  on  the  other  side,  it  probably 
will  not  be  the  best  course  to  make  decisions  on  the  basis  of  the  most 
probable  development. 

Assume,  for  example,  that  an  airline  wishes  to  determine  how  many 
flights  to  schedule  between  Boston  and  New  York  between  noon  and 
midnight  on  the  Friday  before  Labor  Day.  Clearly  it  will  be  next  to 
impossible  to  schedule  exactly  the  number  of  seats  that  will  be  sold. 
There  will  always  be  either  too  many  or  too  few,  because  of  the 
random  element  in  the  demand  and  because  of  fixed  aircraft  capacity. 
The  objective  of  management  thus  will  be  to  maximize  its  profits 
under  conditions  of  uncertainty. 

The  probability  for  each  of  several  alternative  estimates  is  given 
in  Table  1.  The  airline  statisticians  might  have  developed  such  a 
probability  table  on  the  basis  of  such  things  as  traffic  records  of 
similar  periods  in  the  past,  weather  probability,  and  the  estimated 
growth  trend  in  passenger  traffic.  The  single  most  probable  estimate 
is  that  there  will  be  500  passengers.  The  probability  that  the  number 
will  be  between  476  and  525  is  20  per  cent.  The  probability  for  each 
successive  increment  of  50  then  drops  off  in  both  directions.  Thus, 
if  flights  sufficient  for  only  325  passengers  are  scheduled,  there  is  a 
96  per  cent  chance  that  there  will  be  more  potential  passengers  than 
seats  and  a  4  per  cent  chance  that  there  will  be  empty  seats.  The 
probable  loss  arising  out  of  either  an  overage  or  a  shortage  of  seats 
is  the  cost  of  such  an  occurrence  multiplied  by  the  probability  that 
it  will  occur. 

The  airline  estimates  that  the  net  return  on  each  seat  sold  (ticket 
price  less  variable  costs  per  seat  of  making  the  flight)  will  be  $15; 
therefore  the  cost  in  lost  revenue,  from  providing  fewer  seats  than 
could  be  sold,  will  be  $15  per  seat.  Similarly,  the  airline  estimates 
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Table  1 


Number  of  passengers 

Probability 

676-725 

.04 

626-675 

.07 

576-625 

.12 

526-575 

.17 

476-525 

.20 

426-475 

.17 

376-425 

.12 

326-375 

.07 

276-325 

.04 

that  the  out-of-pocket  cost  of  each  unsold  seat  is  $5.  There  is  a  4  per 
cent  probability  that  the  number  of  people  wanting  seats  will  be 
between  676  and  725  (a  median  of  700) .  If  only  375  seats  are  sched- 
uled, the  probable  cost  would  be:  .04  (700-375)  x  $15  =  $78.00. 

Similarity,  there  is  a  7  per  cent  probability  that  the  number  of 
potential  passengers  will  be  between  626  and  675,  and  the  probable 
cost  will  be:  .07  (650-375)  x  $15  =  $288.75. 

Similar  calculations  can  be  made  for  the  other  probability  ranges. 
When  the  number  of  passengers  falls  below  the  number  of  seats  pro- 
vided, the  cost  becomes  $5  per  seat,  the  cost  of  an  unsold  seat.  Thus, 
for  the  7  per  cent  probability  that  the  number  of  potential  passengers 
will  be  between  326  and  375  (median  350),  the  ^probable  cost  of 
unsold  seats  becomes:  .07  (375-350)  x  $15  =  $8.75. 

The  total  probable  costs  of  all  the  alternative  possibilities  when 
375  seats  are  flown  is  $1,968.  Similar  calculations  can  be  made  for 
different  numbers  of  seats  scheduled.  The  results  are  shown  in 
Table  2. 

If  the  airline  schedules  flights  with  500  seats,  the  most  probable 
demand,  there  will  be  a  49.8  per  cent  chance  of  empty  seats  and  an 
equal  chance  of  customers'  being  turned  away.  The  expected  reduc- 
tion in  revenue  will  be  $805.  If,  instead,  575  seats  are  scheduled, 
there  will  be  a  77  per  cent  probability  of  having  empty  seats  on  each 
flight  and  a  23  per  cent  probability  of  having  to  turn  away  passen- 
gers. Yet,  because  the  cost  of  a  lost  sale  is  greater  than  the  cost  of  an 
empty  seat,  575  seats  represent  the  "best  answer" — for  the  minimum 
probable  loss  of  $639. 

Thus  the  most  probable  forecast  is  not  the  best  on  which  to  base 
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Table  2 


Seats  scheduled 

Probable  loss 

325 

$2,654 

375 

1,968 

425 

1,389 

475 

918 

500 

805 

525 

705 

575 

639 

625 

703 

675 

900 

plans  unless  the  costs  and  probabilities  of  falling  short  are  exactly 
equal  to  the  costs  and  probabilities  of  being  above  the  forecast. 

B.  Analysis  vs.  judgment  in  estimating  probability :  Most  manage- 
ment decisions  involve  not  one  but  several  chance  factors,  each  inter- 
acting with  the  others  in  their  influence  on  the  outcome  to  be  pre- 
dicted. In  some  cases,  it  is  possible  to  calculate  fairly  rigorously 
the  combined  effect  of  several  random  factors.  To  do  this,  one  must 
be  able  to  form  some  fairly  reliable  estimate  of  the  relative  prob- 
ability of  each  alternative  outcome  for  each  separate  factor.  This  can 
often  be  done  by  analyzing  the  behavior  of  the  same  factor  in  the 
past.  Rainfall  statistics  of  the  past  provide  good  data  on  which  to 
base  probability  estimates  of  future  rainfall. 

In  other  cases,  reasonably  good  probability  estimates  can  be  devel- 
oped by  relating  the  event  being  studied  to  another  event  for  which 
the  probability  distribution  is  known.  For  example,  estimates  of  sales 
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of  air  conditioners  can  be  related  to  weather;  and,  in  turn,  the  prob- 
abilities of  various  summer  temperature  patterns  can  be  used  to 
estimate  the  probabilities  of  air  conditioner  sales. 

Sometimes,  probabilities  can  be  derived  directly  from  theoretical 
knowledge  of  the  behavior  of  random  events.  A  statistician  need  not 
study  records  of  past  poker  hands  in  order  to  determine  the  prob- 
ability of  drawing  a  specific  poker  hand. 

In  still  other  cases,  informed  judgment  is  the  only  possible  way 
to  make  estimates  of  uncertain  future  events.  For  example,  in  assess- 
ing the  likelihood  of  a  strike  in  order  to  calculate  the  optimum  size 
of  reserve  stocks,  past  records  of  strikes  may  be  of  no  value.  Instead, 
a  probability  estimate  can  be  built  up  from  the  judgments  of  indi- 
viduals, such  as  arbitrators,  mediators,  labor  reporters,  and  company 
negotiators.  Such  a  procedure  may  be  criticized  by  theoretical  statis- 
ticians; but  practical  decisions  will,  in  any  case,  be  made  on  some- 
body's estimate  of  the  probability  of  a  strike,  and  it  is  undoubtedly 
better  to  make  this  judgment  explicit  than  to  bury  it  in  a  guess  at 
the  size  of  a  reserve  stock  that  seems  "about  right." 

C.  Total  effect  of  several  random  factors:  After  estimating  the  indi- 
vidual probabilities,  it  is  necessary  to  combine  these  probabilities  of 
individual  events  into  over-all  probability  estimates  of  the  outcome. 
If  the  individual  probabilities  can  be  described  in  simple  mathe- 
matical terms,  it  is  relatively  simple  to  combine  them  into  a  single 
probability  distribution.  But  if  they  do  not  conform  to  standard 
mathematical  expressions,  a  much  more  laborious  computation  is 
required.  If  the  problem  is  a  large  one,  a  technique  known  as  "Monte 
Carlo"  (discussed  later)  can  be  employed  to  approximate  the  answer 
by  making  repeated  trials  with  randomly  drawn  inputs  and  recording 
specific  outcomes.  The  probability  of  different  dice  throws  can  in 
this  way  be  estimated  by  making  a  large  number  of  throws  and 
recording  the  relative  number  of  times  that  each  combination 
appears. 

Factorial  Analysis 

In  the  solution  of  practical  problems,  one  often  has  to  separate 
the  effects  of  many  different  variables.  Only  occasionally  is  it  possi- 
ble to  hold  constant  all  factors  except  one,  while  varying  this  remain- 
ing factor  in  order  to  isolate  its  particular  effect  on  the  solution.  Even 
where  this  appears  to  be  possible,  it  is  often  a  dangerous  procedure 
because  some  changes  may  occur  unobserved  and  hence  distort  the 
apparent  effect  of  the  factor  being  studied. 
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Modern  statistical  analysis  turns  this  problem  around  and  succeeds 
in  making  a  virtue  out  of  the  fault.  By  means  of  what  has  come  to  be 
known  as  "factorial  design  and  analysis,"  it  is  possible  to  study  the 
complex  interactions  of  many  variables  in  a  way  that  will  yield  the 
maximum  amount  of  significant  information  for  the  minimum  experi- 
mental cost,  with  the  assurance  that  all  the  conclusions  are  within 
any  prescribed  degree  of  probable  accuracy. 
'  Assume  that  a  manufacturer  of  chemical  products  wishes  to  test 
the  relative  merits  of  three  new  products  he  has  developed  before 
deciding  on  the  best  one  to  market.  There  are  three  different  indus- 
trial uses  for  the  products  and  he  wishes  to  test  each  product  against 
each  use.  If  he  is  limited  to  traditional  techniques,  he  may  decide  to 
select  three  potential  users  and  ask  each  to  conduct  three  successive 
tests  on  each  of  the  three  products  applied  to  one  of  the  three  uses. 
In  so  doing,  he  may  reason  that  he  is  thus  holding  all  variables  but 
the  products  constant,  and  that  he  will,  by  averaging  each  group  of 
rthe  three  tests,  obtain  a  true  measure  of  the  relative  value  of  each 
product  for  each  use. 

In  actual  fact,  however,  he  is  running  a  risk  of  seriously  distorting 
his  results  because  of  variations:  in  the  way  different  users  handle 
each  material,  in  the  way  a  single  user  may  handle  each  of  the 
different  products,  and  in  the  way  each  user  measures  his  results. 

But,  by  carefully  designing  his  experiment  to  employ  the  technique 
of  factorial  analysis,  the  manufacturer  not  only  can  eliminate  the 
effects  of  these  differences  among  customers,  but  also,  at  the  same 
time,  can  obtain  additional  useful  information  without  increasing  the 
number  of  tests  required.  Under  some  circumstances,  he  might  actu- 
ally reduce  the  number  of  tests  required.  The  basis  of  factorial 
analysis  is  the  use  of  a  different  combination  of  factors  in  each  indi- 
vidual test  so  that  no  two  experiments  will  be  alike  and  so  that  all 
significant  or  possibly  significant  combinations  of  factors  are  tested. 

In  this  case,  the  tests  would  be  arranged  so  that  each  customer 
performed  one  test  on  each  product  combined  with  each  use.  The 
total  number  of  tests,  twenty-seven,  would  be  the  same  as  before; 
yet  it  would  now  be  possible  to  isolate  the  effects  of  each  variable, 
including: 

1.  The  difference  in  over-all  effectiveness  of  each  product 

2.  The  difference  in  effectiveness  of  each  product  for  each  par- 
ticular use 

3.  The  variation  in  over-all  results  due  to  differences  in  the  way 
each  user  makes  his  tests 
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4.  The  relative  sensitivity  of  each  product  to  the  differences  in  the 
way  each  user  handles  the  product 

A.  Isolating  the  effect  of  each  variable:  The  principle  of  factorial 
analysis  can  be  demonstrated  by  an  example  in  which  it  is  desired 
to  isolate  the  separate  effects  on  a  company's  sales  of  the  company's 
price,  its  advertising  expenditure,  the  competitor's  price,  and  his 
advertising  expenditure.  In  order  to  make  the  example  manageable, 
only  two  prices  and  two  different  levels  of  advertising  are  assumed 
to  be  possible.  In  this  example,  there  are  therefore  sixteen  different 
combinations  of  company  and  competitor  policies,  as  shown  on  the 
table  below. 

Table  3 

Sales  Volume  (1,000  units) 


Advertising 


Company  (A)  * 

$10,000/ 

$10,000/ 

$20,000/ 

$20,000/ 

mo. 

mo. 

mo. 

mo. 

Competition  (B) 

$10,000/ 

$20,000/ 

$10,000/ 

$20,000/ 

mo. 

mo. 

mo. 

mo. 

Sales 

price 

Co.  (C) 

Comp.  (D) 

$  5 

$  5 

105 

90 

140 

120 

5 

10 

180 

160 

220 

200 

10 

5 

60 

50 

80 

70 

10 

10 

95 

80 

120 

115 

*  Letters  in  parentheses  denote  factors  used  in  the  mathematical  exam 
pie  on  page  25. 


The  average  increase  in  company  sales  resulting  from  an  increase 
in  company  advertising  from  $10,000  to  $20,000  is: 

1/3  [  (140-105)  +  (120-90)  +  (220-180)  +  (200-160)  + 
(80-60)  +  (70-50)  +  (120-95)  +  (115-80)  ]  X  1,000 
—  30,625  units 

Similar  effects  on  company  sales  caused  by  an  increase  in  the  com- 
petitor's advertising,  an  increase  in  the  company's  price,  and/or  an 
increase  in  the  competitor's  price  can  also  be  calculated. 
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B.  Assessing  the  combined  effect  of  two  or  more  variables:  A 
second  class  of  information  which  can  be  extracted  is  the  effect  of 
the  interaction  of  pairs  of  variables.  For  example,  it  is  possible  to 
calculate  how  much  more  effective  is  increased  company  advertising 
when  the  product  price  is  $5  as  compared  to  $10. 

1/4  [  (140-105)  +  (120-90)  +  (220-180)  +  (200-160)  ) 
-  1/4  (  (80-60)  +  (70-50)  +  (120-95)  +  (115-80)  ] 
X  1,000  =  11,250  units 

In  a  similar  manner  other  interactions,  such  as  those  between 
company  and  competitor  prices  or  between  company  and  competitor 
advertising,  can  also  be  calculated.  In  this  example,  the  higher  level 
of  competitor  advertising  will  reduce  the  effectiveness  of  company 
advertising  by  1,250  units. 

This  approach  has  been  developed  into  a  general  mathematical 
formulation  by  means  of  which  much  larger  and  more  realistic 
problems  can  be  attacked. 

C.  Mathematical  example:  Readers  who  remember  something  of 
college  algebra  will  find  the  mathematics  relatively  easy  to  follow. 
Others  can  skip  the  following  example  without  loss. 

For  the  above  problem,  the  generalized  expression  can  be  derived 
by  multiplying: 

(Ax  ±  A2)  (Bx  ±  B2)  (Ci  ±  C2)  (Dx  ±  D2) 

in  which  Ai  represents  the  first  value  and  A2  the  second  value  of  a 
variable,  such  as  company  advertising;  and  the  other  symbols  repre- 
sent the  other  variables.  The  effect  of  Ai,  for  example,  is  obtained 
by  using  a  minus  sign  in  the  expression  of  (Ai  —  A2)  and  plus  signs 
in  the  others: 

A  =  1/4  (AxBiCiDi  +  AiBidDo  +  AxBiCoDo  +  A^CoDo 
+  AxBiADx  +  A1B2C1D2  +  AiBoCoDx  +  A!B2C2D2) 
—  1/4  (A.BidDx  +  A2BiCiD2  +  A^CoDi  +  A2B2C2D2 
+  AoBiADi  +  A2B2CiD2  +  A2B2C2D!  +  A2B2C2D2) 

Substituting  and  letting  A  represent  company  advertising: 

A  =  1/4  (105  +  180  +  60  +  95  +  90)  =  11,250 

which  is  the  answer  obtained  above. 
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D.  Advantages  of  factorial  analysis:  The  technique  of  factorial 
analysis  provides  these  benefits: 

1.  Maximum  information  for  minimum  work.  In  other  words,  it 
is  the  most  efficient  way  of  conducting  tests. 

2.  A  means  of  isolating  the  effects  of  each  variable,  even  though 
several  variables  are  acting  simultaneously  on  the  outcome.  This  is 
particularly  important  where  some  of  the  variables,  such  as  weather, 
cannot  be  controlled. 

3.  A  means  for  measuring  the  simultaneous  interaction  of  any 
group  of  two.  three,  or  more  factors  in  affecting  the  outcome. 

4.  A  means  of  eliminating  bias  from  the  individual  observations. 

5.  A  means  of  simultaneously  testing  several  factors  that  may  be 
suspected  of  influencing  the  process  being  studied. 

As  more  variables  are  included  in  an  experiment,  the  number  of 
individual  observations  or  tests  required  for  a  complete  factorial 
analysis  increases  very  rapidly.  Under  these  circumstances  it  is  possi- 
ble, by  good  judgment,  to  reduce  the  total  number  of  tests  by  elimi- 
nating many  of  the  tests  that  would  reveal  only  the  more  complex 
interactions  of  several  of  the  variables  and  their  effect  on  the  out- 
come. Thus,  it  is  often  possible  to  reduce  the  size  of  the  experiment 
without  reducing  the  significant  information  derived  from  it. 

E.  Potential  applications:  Factorial  analysis  appears  to  be  poten- 
tially a  particularly  useful  tool  in  solving  many  marketing  problems. 
This  is  because  marketing  decisions  involve  many  interacting  vari- 
ables, most  of  which  cannot  be  controlled  and,  therefore,  are  not 
amenable  to  simpler  methods  of  analysis.  The  effectiveness  of  adver- 
tising is  determined  by  a  complex  interaction  of  factors,  some  related 
to  advertising  and  some  to  other  marketing  activities.  The  advertising 
factors  include  the  media  employed,  the  intensity  of  advertising  effort, 
the  copy  used,  and  the  advertising  activities  of  competitors.  The  non- 
advertising  factors  include,  among  others,  price,  dealer  discounts, 
marketing  channels,  sales  promotions,  services  to  dealers,  style  of 
product,  and  the  many  factors  making  up  the  market,  such  as  age 
and  income  distribution,  climate,  and  buying  habits. 

Similarly,  decisions  on  pricing  policy,  sales  promotion,  style,  and 
product  diversification  are  all  influenced  by  many  variables  which  are 
not  controllable  but  which  interact  in  complex  ways  to  govern  the 
success  of  a  given  policy.  Factorial  analysis  appears  to  provide  an 
important  tool  for  the  solution  of  many  problems  of  this  type.  Whether 
or  not  it  can  be  used  on  a  specific  problem  of  this  type  will  depend 
primarily  on  the  availability  of  data. 
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Perhaps  the  most  important  conclusion  at  this  point  is  that  the 
proper  design  of  a  marketing  test  or  study  is  essential  if  one  is  to 
obtain  useful  answers.  The  statistician  must  therefore  be  called  in 
before  the  experiment  is  run,  and  must  participate  in  the  planning 
process.  After  the  study  is  made,  even  the  most  expert  statistician 
cannot  squeeze  meaningful  conclusions  from  improperly  selected  data. 

Analysis  of  the  Data 

In  using  these  modern  techniques,  the  statistician — and  manage- 
ment— must  never  forget  that  statistical  conclusions  drawn  from  the 
analysis  of  data  should  always  be  checked  against  logic.  If  a  high 
correlation  has  been  observed  in  the  past  between  two  factors,  there 
is  a  strong  temptation  to  use  this  fact  to  predict  the  future.  Yet, 
unless  a  logical  reason  for  the  observed  relation  can  be  found,  it 
should  be  applied  to  predicting  the  future  with  extreme  caution,  if 
at  all.  For  example,  a  high  correlation  is  reported  to  have  existed 
over  the  years  between  the  number  of  Presbyterian  ministers  and  the 
consumption  of  bonded  bourbon.  But  the  Presbyterian  theological 
seminaries  probably  would  be  ill-advised  to  predict  the  number  of 
applicants  four  years  hence  on  the  basis  of  newly  distilled  bourbon 
put  into  bond  this  year.  Equally,  the  distillers  probably  can  find 
more  reliable  measures  of  future  sales  than  the  annual  admissions 
to  Presbyterian  theological  schools. 

An  exceptionally  good  text  is  Probability  &  Statistics  for  Business 
Decisions,  by  Robert  Schlaifer,  McGraw-Hill,  1959. 

Queuing  or  Waiting-line  Theory 

Queuing  or  waiting-line  theory  provides  a  means  of  predicting  the 
probable  length  and  delay  of  a  "waiting  line"  formed  by  random 
arrivals  at  a  servicing  or  processing  facility  of  limited  capacity.  It 
is  used  in  problems  in  which  one  or  more  elements  occur  at  a  rate 
that  management  can  neither  control  nor  even  predict  precisely. 

Examples  of  Queuing  Problems 

A.  Assessing  uncertainty  in  timing  of  ship  arrivals:  Queuing  theory 
is  applicable  to  the  kind  of  problem  encountered  at  a  crowded  oil 
port,  where  port  management  can  neither  control  nor  predict  pre- 
cisely. Expected  arrivals  can,  at  best,  be  expressed  statistically  as  an 
average  rate  of  arrival  for  each  week  or  month  in  the  year.  The 
average  rate  of  arrival  during  a  peak  month  might  be  known  quite 
accurately  to  be  0.6  ships  per  day,  based  on  the  monthly  oil  delivery 
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schedules  and  the  capacities  of  the  tankers  being  used.  However, 
because  of  variations  from  schedule  in  actual  departures  from  other 
ports,  and  because  of  variations  in  weather  during  the  voyage,  the 
time  of  each  individual  arrival  is  unknown. 

If  the  ships  were  to  arrive  at  a  uniform  rate,  the  minimum  number 
of  necessary  loading  positions,  shore  crews,  pumping  facilities,  and 
storage  tanks  could  be  easily  calculated.  Given  such  uncertainty,  how- 
ever, the  planning  of  loading  facilities  cannot  be  based  on  the  assump- 
tion of  a  uniform  rate  of  arrival;  for  when  ships  arrive  randomly, 
there  will  be  some  periods  in  which  arrivals  are  infrequent  and 
servicing  facilities  will  be  idle,  and  other  periods  in  which  arrivals 
will  be  bunched  and,  as  a  result,  some  ships  delayed  in  docking  and 
loading.  Clearly  some  excess  servicing  will  be  required  if  these  delays 
are  to  be  kept  to  a  reasonable  figure.  For  if,  under  conditions  of 
random  arrival,  the  service  capacity  is  just  equal  to  the  dock  capacity, 
the  average  number  of  ships  which  have  to  wait  for  dock  space  will 
tend,  over  the  long  run,  to  get  longer  and  longer.  Queuing  theory 
provides  the  analytic  tools  for  determining  just  how  much  excess 
servicing  capacity  is  needed  if  over-all  costs  are  to  be  minimized. 

There  are  costs  connected  with  the  length  of  the  waiting  line  and 
the  time  lost  in  waiting.  There  are  also  costs  associated  with  increas- 
ing the  capacity  of  the  servicing  unit,  both  capital  costs  and  labor 
costs.  Since  arrivals  are  random,  there  may  be  times  when  there  are 
waiting  lines,  and  other  times  when  there  is  idle  servicing  capacity. 
As  the  mean  arrival  rate  approaches  capacity,  it  can  be  known  that, 
if  that  rate  is  maintained,  the  waiting  line  will  tend  to  approach 
infinity  as  an  ultimate  limit.  Clearly,  then,  capacity  must  be  at  least  a 
little  greater  than  the  mean  arrival  rate.  The  optimum  solution  to  this 
class  of  problems  will  provide  a  processing  capacity  just  sufficiently 
in  excess  of  the  mean  arrival  rate  to  minimize  the  total  of  the  cost 
of  the  added  processing  capacity  plus  the  costs  of  waiting.  It  is  also 
possible  to  determine  the  probable  waiting  time  to  be  expected  for 
each  arrival  for  any  given  mean  arrival  rate  and  processing  capacity. 

B.  Manning  a  storeroom:  George  Brigham,  of  Boeing  Aircraft,  has 
solved  a  problem  of  this  type.  Boeing  has  some  60  tool  cribs  which 
supply  special  tools  required  by  mechanics.  The  problem  was  to  deter- 
mine the  optimum  number  of  clerks  which  should  be  on  hand  in  each 
of  the  cribs  to  issue  tools  to  mechanics.  In  a  typical  crib,  it  was  found 
that,  on  the  average,  there  would  be  10.7  hours  of  work  per  7.5-hour 
shift.  Clearly  this  was  more  than  one  clerk  could  handle.  If  two  clerks 
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were  used,  there  would  be  over  four  hours  of  idle  time  between  them 
per  shift. 

It  would  seem  that  this  idle  time  would  be  sufficient  to  make  up 
for  the  bunching  of  mechanics  resulting  from  a  random  pattern  of 
arrival.  But  the  application  of  queuing  theory  showed  that  this  was 
not  the  case.  If  it  is  assumed  that  clerks  are  paid  $2  per  hour  and 
mechanics  are  paid  $5  per  hour,  the  combined  cost  of  the  idle  time 
of  clerks  and  of  the  mechanics  kept  waiting  would  be  $64  per  shift 
for  two  clerks  in  the  cribs,  and  $31  per  shift  for  three  clerks.  For 
four  clerks,  the  combined  cost  goes  up  again  to  $40.  Thus  it  is  more 
economical  to  have  three  clerks  instead  of  two  in  the  crib,  even 
though  they  will,  on  the  average,  be  busy  only  47  per  cent  of  the 
time.  If  the  costs  of  mechanics  relative  to  clerks  were  higher,  or  if 
the  costs  of  delays  in  aircraft  assembly  resulting  from  delays  of 
mechanics  were  included,  the  optimum  number  of  clerks  might  be 
four  or  more,  even  though  they  would  be  busy  only  a  small  fraction 
of  the  time.* 

C.  Other  types  of  queuing  problems:  There  are  many  different 
types  of  problems  for  which  queuing  theory  can  provide  the  opti- 
mum balance  between  excess  capacity  and  time  lost  in  waiting.  For 
example: 

1.  What  is  the  optimum  level  of  airport  facilities  to  service  air- 
craft arriving  at  unpredictable  times? 

2.  What  is  the  optimum  capacity  for  repair  shops  in  a  major 
construction  job? 

3.  What  is  the  optimum  size  of  a  maintenance  force  which  handles 
emergency  repairs  in  a  process  industry? 

4.  Should  a  job  machine  shop  expand  to  handle  peak  loads? 

5.  What  stand-by  equipment  should  be  maintained  against  failure 
of  production  equipment? 

Categories  of  Queuing  Problems 

There  are  many  different  types  of  waiting-line  problems  which 
can  be  solved  by  analytic  means,  although  the  difficulty  of  finding 
mathematical  solutions  increases  as  the  complexity  of  the  problem 
increases. 

*  George  Brigham.  "On  a  Congestion  Problem  in  an  Aircraft  Factory," 
Journal  of  the  Operations  Research  Society  of  America,  Vol.  3,  No.  4, 
pp.  412-428.  November  1955. 
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The  basic  types  of  queuing  problems  can  be  illustrated  by  a  few 
simplified  examples. 

1.  The  arrival  rate  is  random  while  the  servicing  time  is  uniform, 
as  in  the  arrival  of  cars  at  a  highway  toll  gate. 

—     Toll  booth   


••••••• 


Constant  rate         Waiting  Random  arrival 

of  service  line 

2.  The  average  rate  of  arrival  may  vary  with  the  time  of  day,  the 
day  of  the  week,  or  the  season. 

3.  The  servicing  time  as  well  as  the  arrival  rate  may  be  random, 
as  is  the  case  at  a  supermarket  cashier's  stand. 

~*   Cashiers  booth   


Random  discharge  Random  arrival 

4.  The  service  rate  may  vary  with  the  length  of  the  waiting  line. 
For  example,  as  the  number  of  incoming  orders  awaiting  processing 
in  an  office  grows,  the  clerks  will  speed  up  their  rate  of  processing. 

5.  The  arrival  rate  may  vary  with  the  length  of  the  line.  Most 
potential  customers,  on  finding  five  cars  waiting  in  line  at  a  gas 
station,  will  drive  on. 

6.  Priorities  in  servicing  may  be  established.  An  aircraft  arriving 
at  a  crowded  airport  with  only  20  minutes'  gas  will  be  given  landing 
priority  over  other  aircraft  which  have  been  stacked  longer. 

7.  The  cost  of  waiting  may  vary  with  the  length  of  waiting.  For 
example,  the  cost  of  waiting  in  the  delivery  of  perishable  foods  or 
newspapers  may  be  at  one  rate  for  an  initial  period,  and  at  a  much 
higher  rate  as  the  food  begins  to  spoil  or  a  later  edition  comes  out. 

8.  There  may  be  more  than  one  processing  point,  and  shifts  back 
and  forth  among  waiting  lines  may  be  made  as  the  relative  lengths 
of  the  lines  change. 

9.  Finally,  more  complex  systems  involving  more  than  one  class 
of  items  may  be  moved  through  a  network  of  several  processing  sta- 
tions, as  in  a  machine  shop,  each  with  waiting  lines  varying  both 
regularly  and  randomly. 
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Station  D  Station  A 


In  such  a  situation,  it  is  possible  to  schedule  service  at  each  station 
in  a  variety  of  ways.  Arrivals  may  be  serviced  on  the  basis  of  rela- 
tive cost  of  waiting  time,  on  the  relative  importance  to  an  over-all 
activity,  or  on  the  probable  length  of  servicing  time  required.  Com- 
parisons can  be  made  of  the  efficiency  of  alternative  systems  of 
service  scheduling. 

Although  one  can  never  predict  exactly  the  arrival  of  any  single 
customer,  queuing  theory  will  make  it  possible  to  say,  for  example, 
that  on  the  average  a  customer  will  have  to  wait  15  minutes,  or  that 
there  is  only  one  chance  in  ten  that  the  customer  will  have  to  wait 
more  than  45  minutes.  Similarly  one  can  conclude  that  half,  or  a 
third,  of  the  customers  will  not  have  to  wait  at  all. 

Origin  of  the  Theory 

Queuing  theory  was  originally  developed  in  1907  by  A.  K.  Erlang 
of  the  Copenhagen  Telephone  Company  as  a  means  of  estimating  the 
amount  of  central  switching  equipment  required.  In  the  early  thirties 
Eugene  Grant  of  Stanford  University  again  introduced  the  concept 
of  queuing  theory  in  economic  equations  that  balanced  the  cost  and 
capacity  of  a  dam  spillway  with  the  cost  and  probable  frequency 
with  which  floods  will  wash  out  the  generator  station  below  the 
spillway.  But  others  did  not  have  the  imagination  to  see  the  general 
application  of  these  concepts;  and,  as  a  result  it  was  not  until  after 
World  War  II  that  further  work  was  done  on  the  theory,  and  further 
applications  were  made  to  practical  problems  in  other  fields. 

Information  Theory 

Information  theory  provides  a  fundamental  means  of  (a)  measur- 
ing the  information  content  of  both  symbolic  and  verbal  languages 
and  (b)  relating  the  characteristics  of  an  efficient  communication 
system  to  the  information  content  of  the  messages  transmitted. 
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Developed  primarily  by  Claude  Shannon  at  the  Bell  Laboratories 
in  the  1940s,  information  theory  has  made  a  considerable  contribu- 
tion to  the  more  efficient  design  of  electronic  communication  systems 
and  electronic  computers.  There  have  been  predictions  that  it  would 
have  equally  important  effects  on  organizational  communications,  and 
there  have  been  several  attempts  to  apply  the  theory  to  communica- 
tion system  involving  human  beings  directly.  So  far,  however,  the 
results  have  been  of  limited  significance. 

Elements  of  Information  Theory 

A.  Capacity  of  communications  link  versus  rate  of  transmission 
and  interference:  Information  theory  states  that  the  degree  of  error 
which  can  be  expected  in  information  transmitted  through  a  com- 
munications link  will  be  inversely  proportional  to  the  capacity  of 
the  link  and  directly  proportional  to  the  rate  of  transmission  and  to 
the  interference  or  noise.  For  example,  it  is  more  difficult  to  under- 
stand a  conversation  in  a  noisy  room,  and  doubly  difficult  if  the 
speaker  talks  very  fast,  while  it  is  relatively  easier  if  he  speaks  more 
loudly. 

B.  The  binary  code:  Information  theory  further  has  shown  that 
the  most  efficient  code  for  transmitting  and  storing  information  is 
the  binary  or  two-digit  code.  The  binary  system  and  its  decimal 
equivalents  are  shown  below: 


Binary 

Decimal 

Binary 

Decimal 

1 

1 

1001 

9 

10 

2 

1010 

10 

11 

3 

1011 

11 

100 

4 

1100 

12 

101 

5 

1101 

13 

110 

6 

1110 

14 

111 

7 

1111 

15 

1000 

8 

10000 

16 

C.  Redundancy:  It  has  been  proved  that  the  binary  system  is  the 
most  efficient  of  all  possible  systems  for  transmitting  information. 
In  comparison,  all  other  systems,  including  verbal  language  such  as 
English,  have  a  high  degree  of  redundancy  and  hence  are  relatively 
inefficient.  But  such  redundancies  have  a  saving  characteristic  in  that 
they  make  it  possible  for  the  person  receiving  the  message  to  correct 
many  of  the  errors  which  may  have  occurred  in  transmission.  For 
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example,  garbles  in  a  telegram  can  nearly  always  be  corrected  by 
looking  at  the  words  or  letters  on  either  side  of  the  mistake.  Garbles 
in  the  transmission  of  numbers  are  more  difficult  to  correct.  If 
English  were  as  efficient  as  a  binary  code,  it  would  be  impossible  to 
know,  by  inspecting  the  message,  that  an  error  had  occurred,  much 
less  to  correct  it. 

This  principle  of  redundancy  has  been  applied  to  the  design  of 
self-checking  codes,  which  will  automatically  indicate  a  large  per- 
centage of  errors  occurring  in  their  transcription.  This  has  been  of 
considerable  value  in  improving  the  over-all  reliability  of  computers. 
A  simple  example  will  illustrate. 

The  number  3981  is  to  be  transmitted.  One  additional  digit  is 
added  so  that  this  digit  represents  the  sum  of  the  other  four.  In  this 
case  1  is  added  since  the  sum  of  the  digits  is  21,  and  the  number 
with  code  becomes  1-3981.  If  any  single  one  of  the  original  digits 
is  incorrectly  recorded,  the  new  sum  will  not  end  in  "1"  and  an 
error  will  be  indicated. 

Limitations  of  Information  Theory 

The  basic  difficulty  in  using  the  concepts  of  information  theory  in 
improving  the  internal  communication  of  organizations  is  that  it 
provides  no  way  of  evaluating  the  relative  importance  of  different 
types  of  information.  Further,  it  is  extremely  difficult  to  convert 
many  human  communications  to  their  symbolic  equivalents.  Because 
a  computer  deals  only  in  numbers,  and  therefore  all  inputs  must  be 
so  expressed,  the  binary  code  can  be  used  internally  in  computers 
where  it  makes  possible  the  storage  of  the  same  amount  of  informa- 
tion in  a  substantially  smaller  memory. 

Conceptually,  however,  information  theory  can  be  of  some  value 
in  studying  human  and  organizational  communication  problems.  For 
example,  we  can  see  that  in  general  the  greater  the  accuracy  and  the 
higher  the  speed  required,  the  greater  will  be  the  costs.  However,  it 
is  not  possible,  as  it  is  for  electronic  systems,  to  use  information 
theory  to  calculate  the  optimum  balance  between  the  costs  of  greater 
reliability  and  speed  and  the  costs  of  errors. 

Other  efforts  have  been  made  to  develop  theoretical  approaches  to 
the  optimum  organization  of  communications  in  an  organization. 
Jacob  Marshak  has  developed  a  model  of  a  simple  decision  problem 
in  which  the  costs  of  obtaining  additional  information  for  a  com- 
modity-trading organization,  as  well  as  the  costs  of  added  internal 
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communications,  can  be  equated  to  the  probable  gains  resulting  from 
the  information,  and  he  is  able  to  calculate  for  this  very  simple  case 
that  point  beyond  which  the  costs  of  additional  information  are  no 
longer  paid  for  by  improved  performance. 

But  until  there  are  further  major  developments  in  theory  which 
can  handle  the  great  complexity  of  management  information  systems, 
there  may  be  few  useful  applications  of  information  theories  in  the 
field  of  management. 

Game  Theory  * 

The  theory  of  games  of  strategy,  developed  by  the  late  John  von 
Neumann  and  by  Oskar  Morgenstern,  provides  a  rigorous  means  of 
determining,  in  certain  situations  of  conflict,  that  strategy  which  is 
most  likely  to  achieve  the  highest  payoff.  Owing  to  their  formal  rules 
of  play  and  of  payoff,  games  are  by  and  large  the  simplest  situations 
of  conflict;  hence  it  is  logical  that  the  first  successes  in  developing 
a  mathematically  rigorous  theory  of  strategy  of  conflict  was  in  the 
field  of  games. 

Because  of  present  limitations  on  handling  the  complexity  of  actual 
conflicts,  it  is  almost  impossible  to  make  practical  applications  of 
game  theory  to  management  problems.  However,  the  executive  who 
understands  the  concepts  of  game  theory  may  find  they  provide 
helpful  insights  in  solving  some  of  his  most  difficult  problems. 

Finding  the  Best  Strategy  in  a  Conflict  Situation 

The  following  somewhat  oversimplified  example  will  demonstrate 
the  basic  elements  of  game  theory.  Two  automobile-parts  manufac- 
turers supply  practically  all  of  the  market  for  a  given  replacement 
part.  Company  A  has  always  provided  a  design  that  could  be  used 
interchangeably  on  all  General  Motors  cars,  while  Company  B  has 
always  designed  a  part  that  could  be  used  on  all  Ford  and  Chrysler 
cars. 

By  modifying  his  design,  each  part  manufacturer  can  make  his 
design  usable  on  any  of  the  other  models.  However,  in  so  doing  he 
will  make  his  product  somewhat  less  than  ideal  for  his  primary 
customer.  Thus,  if  Company  A  designs  a  product  that  also  can  be 
used  on  Plymouths,  it  will  lose  some  of  its  advantage  in  the  General 

*  Game  theory  is  quite  distinct  from  operational  gaming  (a  trial-and- 
error  method  of  simulating  problems  in  which  human  players  are  in- 
volved), and  the  two  should  not  be  confused. 
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Motors  field,  should  Company  B  decide  to  invade  the  General  Motors 
field.  Each  year  the  two  companies  analyze  the  designs  for  new 
models  and  decide  upon  the  design  they  will  use  in  the  new  year. 
Neither  company  can  know  the  other's  plans  early  enough  to  modify 
its  own  decisions.  Hence  neither  can  select  its  own  strategy  to  take 
advantage  of  the  other's  decision. 

In  this  example,  it  is  assumed  that  the  unit  profit  remains  constant 
and  that  the  objective  of  each  company  is  to  maximize  its  total  sales. 
For  simplicity,  each  company  is  assumed  to  have  only  three  alterna- 
tive designs. 

For  each  pair  of  decisions  by  the  two  companies,  there  will  be  a 
different  net  result  or  payoff.  In  some  cases,  the  combination  will 
favor  one  company  and  in  some  cases  it  will  favor  the  other.  Some- 
times there  will  be  a  single  preferred  strategy  for  each  company;  in 
other  situations  a  mixed  strategy  will  be  preferable. 

A.  When  there  is  a  single  preferred  strategy:  In  this  example,  if 
Company  A  chooses  Design  ai  and  Company  B  selects  Design  bi,  it 
is  estimated  that  Company  A  will  gain  100,000  sales  while  Company 
B  will  lose  a  net  of  100,000  sales.  If  Company  A  chooses  Design  a2 
and  Company  B  again  selects  Design  bi,  Company  A  will  now  suffer 
a  net  loss  of  20,000  sales  to  Company  B.  The  payoff  for  each  of  the 
other  pairs  of  decisions  of  A  and  B  is  shown  below. 

Company  B 


bx 

b2 

b3 

10 

2 

4 

2 

Company  A  a2 

-2* 

0 

-8 

-8   (add  0000) 

a3 

-5 

1 

8 

-5 

10 

2 

8 

Analysis  of  this  payoff  table,  or  matrix,  will  show  that  in  this  case 
there  is  a  single  preferred  strategy  for  each  company.  Company  A 
can  always  be  sure  of  gaining  at  least  20,000  sales  if  Design  ai  is 
chosen.  If  instead,  Design  a2  is  selected,  Company  A  may  lose  as 
many  as  80,000  sales  if  Company  B  decides  on  Design  b:{.  If  design 
a:*  is  chosen,  Company  A  may  lose  as  many  as  50,000  sales. 

*  Negative  numbers  indicate  loss  of  sales  by  Company  A  to  Com- 
pany B. 
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Similarly,  Design  b2  will  minimize  Company  B's  losses  at  20,000. 
Selection  of  Design  bi  could  result  in  a  loss  of  100,000  sales  to  Com- 
pany A,  and  Design  b3  could  result  in  a  loss  of  80,000  units.  Thus 
the  preferred  strategies  for  both  companies  will  result  in  an  expected 
gain  for  Company  A  of  20,000  sales.  The  pair  of  decisions,  aibo, 
represents  a  "saddle  point,"  which  is  a  point  where  the  largest  of 
the  minimum  values  in  all  the  rows  is  equal  to  the  smallest  of  the 
maximum  values  in  all  the  columns. 

B.  When  a  mixed  strategy  is  preferable:  If  the  matrix  looks  like 
the  one  below  instead,  there  is  no  longer  a  single  preferred  strategy 
for  both  companies. 

Company  B 


bo 

b3 

ai 

2 

-4 

2 

Pay-off 

Company  A  a2 

4 

-6 

-4 

matrix  for 

a3 

0 

2 

1 

Company  A 

Examination  of  the  foregoing  matrix  will  show  that  there  is  no 
single  combination  of  decisions  which  will  always  be  advantageous 
to  each.  Under  these  circumstances,  Company  A  can  assure  at  least 
a  minimum  figure  by  adopting  a  mixed  strategy.  That  is,  Company  A 
sometimes  picks  one  alternative,  and  other  times  another.  Company 
B  will  be  deprived  of  the  opportunity  of  capitalizing  on  A's  strategy. 
For  example,  if  B  knows  from  past  experience  which  decision  A  will 
make,  B  can  always  win.  Therefore  the  only  hope  of  A  is  to  mix  his 
strategies  so  that  B  remains  in  the  dark  until  it  is  too  late  for  B  to 
change  his  own  plans. 

C.  Choosing  the  best  strategy  mixture:  It  can  be  shown  that,  for 
each  game  in  which  there  is  no  one  preferred  strategy,  the  strategies 
should  be  mixed  in  specific  proportions  which  will  be  determined  by 
the  numerical  values  in  the  payoff  matrix.  In  order  to  remove  any 
pattern  in  the  sequence  of  strategies  selected,  each  decision  on  a 
given  play  should  be  made  by  random  selection.  For  example  a 
single  card  might  be  selected  from  a  deck  in  which  the  number  of 
cards  representing  each  alternative  was  in  proportion  to  the  ratios 
of  the  mixed  strategy. 

In  this  example,  the  proportions  or  odds  for  each  strategy  available 
to  A  are  shown  below. 
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Company  A 


Company  B 

bL> 

OcWs  /or 

ai 

2 

-4 

2 

1 

a  o 

0 

2 

1 

1 

a3 

4 

-6 

-4 

8 

19 

7 

4 

If  Company  A  makes  its  decision  by  random  choice  weighted  in 
the  ratio  of  1:1:8,  and  Company  B  adopts  a  pure  strategy  of  picking 
alternative  bi  all  the  time,  Company  A  can  expect  to  gain,  on  the 
average,  600  in  sales  at  the  expense  of  E.  Similarly,  against  any  other 
single  strategy  or  any  mixed  strategy  of  B,  Company  A  can  expect 
the  same  gain. 

If,  however,  Company  A  were  to  abandon  its  optimum  strategy 
and  instead  adopt  a  strategy  of  weighting  each  strategy  equally,  while 
Company  B  employed  its  optimum  mixed  strategy,  Company  A  could 
expect  an  average  decrease  in  sales  of  6,500.  This  could  be  worse  than 
settling  on  Design  a;i  permanently,  where  one  could  at  least  be  sure 
of  losing  no  sales  regardless  of  Company  B's  strategy.  Similarly, 
every  other  strategy  which  Company  A  might  select  will  bring  a 
probable  return  of  less  than  the  optimum  mixed  strategy  described 
above. 


Practical  Limitations  of  Game  Theory 

Game  theory  has  not  progressed  very  far  in  its  ability  to  handle 
the  complex  problems  of  actual  competition.  The  example  used  above 
belongs  to  the  simplest  type,  in  which  there  are  only  two  conflicting 
interests  and  in  which  the  losses  of  one  are  always  exactly  equal  to 
the  gains  of  the  other.  This  is  termed  "  a  two-person  zero-sum  game." 
Nearly  every  conceivable  practical  application  of  game  theory  to 
management  decision  making  involves  a  non-zero-sum  solution  be- 
cause the  gains  of  one  are  seldom  equal  to  the  losses  of  the  other. 
Often  the  number  of  interests  involved  will  be  three  or  more,  and 
the  number  of  strategies  available  to  each  will  be  large.  All  of  these 
factors  complicate  greatly  the  solution — both  in  theory  and  in  com- 
putation. Even  the  use  of  computers  does  not  significantly  reduce 
the  difficulties. 
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Insights  Provided  by  Game  Theory 

Because  of  the  difficulties  in  handling  complex  problems,  it  seems 
unlikely  that  game  theory  will  produce  complete  answers  to  very 
many  practical  problems.  Game  theory  does,  however,  provide  impor- 
tant insights  into  situations  of  conflict,  insights  which  will  be  of 
considerable  value  in  approximating  optimum  solutions  by  means 
less  rigorous  than  formal  game  theory.  John  Williams,  head  of  the 
Mathematics  Department  of  the  RAND  Corporation,  writes: 

While  there  are  specific  applications  today,  despite  the  current 
limitations  of  the  theory,  perhaps  its  greatest  contribution  so  far 
has  been  an  intangible  one:  the  general  orientation  given  to  people 
who  are  faced  with  overcomplex  problems.  Even  though  these  prob- 
lems are  not  strictly  solvable — certainly  at  the  moment  and  prob- 
ably for  the  indefinite  future — it  helps  to  have  a  framework  in  which 
to  work  on  them.  The  concept  of  a  strategy,  the  distinctions  among 
players,  the  role  of  chance  events,  the  notion  of  matrix  representa- 
tions of  the  payoffs,  the  concepts  of  pure  and  mixed  strategies,  and 
so  on  give  valuable  orientation  to  persons  who  must  think  about 
complicated  conflict  situations.* 

In  summary,  game  theory  provides  the  following  insights  into 
situations  of  conflict: 

1.  Under  certain  conditions  there  will  be  a  single  best  strategy 
for  each  interest  involved.  The  best  strategy  will  either  assure  a 
maximum  profit  or  will  minimize  the  damage  an  intelligent  opponent 
can  do,  regardless  of  the  strategy  he  employs. 

2.  Under  circumstances  in  which  any  single  strategy  will  leave 
one  vulnerable  to  the  worst  the  opponent  can  do,  a  mixed  strategy  is 
the  best  course  of  action.  For  each  specific  situation,  there  will  exist 
an  optimum  mix  of  alternative  tactics  which  will  maximize  one's 
probable  gains  (or  minimize  one's  possible  losses)  regardless  of  the 
tactics  used  by  the  opponent. 

3.  Game  theory  provides  a  conservative  strategy  which  is  primarily 
of  value  against  a  skillful  opponent.  Against  a  careless  opponent  or 
when  information  about  the  opponent's  probable  strategy  can  be 
obtained,  it  should  be  possible  to  exploit  such  weakness  by  a  more 
aggressive  strategy  than  game  theory  provides.  A  good  poker  player 
employs  a  mixed  strategy  of  bluffing  and  not  bluffing,  but  he  also 
makes  use  of  his  psychological  analysis  of  his  opponents'  weaknesses. 

*  J.  D.  Williams.  The  Compleat  Strategy st,  McGraw-Hill,  1954. 


38 


MATHEMATICAL  SOLUTIONS  TO  PROBLEMS 
OF  GREAT  COMPLEXITY 


Linear  Programing 

Linear  programing  is  an  analytical  method  of  finding,  from  a  large 
number  of  feasible  combinations,  the  optimum  combination  of  several 
limited  resources  to  achieve  a  given  objective,  such  as  maximizing 
profit.  A  linear  programing  problem  is  described  by  algebraic  equa- 
tions in  which  the  symbols  represent  quantities  of  such  things  as  raw 
materials  and  machine  capacity  and  solved  by  the  algebraic  manipu- 
lation of  these  equations.  The  answer  is  the  optimum  combination 
as  measured  by  an  algebraic  statement  of  the  payoff  criterion. 

Linear  programing  is  one  of  the  few  really  new  tools  of  mathe- 
matical analysis  for  decision  making  which  have  been  developed  in 
the  last  ten  years.  In  nearly  every  other  application  of  mathematics 
to  decision  making,  the  basic  mathematics  have  been  in  existence  for 
many  years.  Yet  linear  programing  has  had,  next  to  the  mathematics 
of  probability,  more  practical  applications  to  management  problems 
than  has  any  other  single  mathematical  technique. 

The  great  advantage  of  linear  programing  is  that  it  is  a  sophisti- 
cated and  very  efficient  shortcut  in  mathematical  calculation,  which 
makes  it  possible  to  solve  in  a  few  hours  a  problem  that,  if  conven- 
tional means  of  calculation  were  used  to  find  the  best  solution,  would 
require  an  impossibly  long  time. 

Some  problems  of  the  type  that  linear  programing  can  solve  are  so 
simple  that  no  special  technique  is  needed.  If,  for  example,  there  are 
surpluses  of  freight  cars  at  two  cities  that  are  required  to  meet  short- 
ages in  two  other  cities,  one  can  easily  determine  how  to  redistribute 
these  cars  so  as  to  minimize  the  costs  of  hauling  empty  cars.  Assume 
that  City  A  has  a  surplus  of  10  cars  and  City  B  a  surplus  of  12  cars. 
City  C  and  City  D  require  11  cars  each.  It  costs  $80  to  send  a  car 
from  A  to  C,  $100  from  A  to  D,  $90  from  B  to  C,  and  $70  from  B 
to  D.  The  problem  can  be  pictured  as: 


470 


\12 


$  80 Vcor- 


%  90 /cor 


$70 /car 


M00/ cor 


-11 


-11 
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In  this  problem,  it  is  obvious  that  it  will  be  least  expensive  to  send 
all  10  cars  at  A  to  C  and  that  one  additional  car  is  needed  to  be  sent 
from  B  to  C,  while  the  balance  of  11  at  B  should  be  sent  to  D. 
(Even  on  this  simple  problem,  however,  if  one  were  to  calculate  all 
feasible  solutions  and  to  find  the  cost  of  each,  11  different  shipping 
plans  would  have  to  be  examined.) 

But  if,  instead,  one  had  to  solve  a  similar  problem  involving  three 
origins  and  five  destinations,  with  a  total  of  20  cars  to  redistribute, 
the  answer  no  longer  would  be  apparent  by  inspection.  If  one  were 
to  list  and  evaluate  all  feasible  solutions  to  this  relatively  simple 
problem,  the  number  of  solutions  to  be  considered  would  be  in  the 
order  of  10,000,000.  Linear  programing  can  provide  the  solution  in 
not  more  than  six  or  seven  steps. 

If  the  problem  involved  50  to  100  origins  and  destinations  and 
several  thousand  freight  cars,  the  number  of  possible  solutions  would 
be  beyond  counting,  and  the  linear  programing  solution  would  only 
be  possible  if  one  used  a  high-speed  electronic  computer.  Fortunately, 
standard  solutions  to  linear  programing  problems  have  been  pro- 
gramed for  most  of  the  computers  in  use,  and  with  such  a  program 
the  computational  time  is  cut  to  a  very  short  period. 

Types  of  Linear  Programing  Problems 

The  three  general  types  of  linear  programing  problems  are  de- 
scribed below. 

A.  Transportation  and  assignment  problems:  In  essence,  transpor- 
tation problems  (like  the  one  described  above)  involve  the  move- 
ment of  limited  quantities  of  a  single  product  from  a  group  of  origins 
to  a  group  of  destinations.  The  objective  may  be  stated  in  a  variety 
of  ways:  to  minimize  the  total  distance  traveled,  to  maximize  total 
profit,  to  minimize  the  total  time  involved,  or  to  minimize  the  total 
costs. 

The  assignment  problem  is  a  variation  of  this  class  of  linear  pro- 
graming problems.  Here  one  is  confronted  with  the  assignment  or 
allocation  of  one  class  of  resources  or  products  among  another  class 
of  uses  so  that  the  over-all  program  is  optimized.  Two  examples  will 
illustrate  assignment  problems: 

A  sales  manager  is  faced  with  the  problem  of  assigning  salesmen 
to  territories.  Each  salesman  has  particular  characteristics  that  make 
him  better  suited  to  some  territories  than  to  others.  But,  as  some 
salesmen  are  also  generally  superior  to  others,  the  sales  manager 
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cannot  have  the  single  best  man  in  each  territory.  His  problem  is  to 
assign  the  best  salesman  to  a  particular  territory  and  to  assign  the 
second  or  third  best  to  the  remaining  territories  so  that  total  sales 
will  be  maximized.  If — and  his  is  an  important  "if" — the  sales  man- 
ager is  able  to  set  down  some  quantitative  measures  of  the  relative 
productivity  of  each  salesman  in  each  territory,  he  can  use  a  simple 
technique  of  linear  programing  to  find  the  optimum  assignment  pat- 
tern. This  requires  that  he  be  able  to  make  reasonably  accurate 
estimates  of  the  return  on  sales  that  can  be  expected  from  each 
salesman  in  each  different  territory. 

Similarly,  a  large  contractor  is  faced  with  the  problem  of  assigning 
his  fleet  of  trucks  of  different  types  to  a  number  of  different  construc- 
tion jobs.  Each  type  of  truck  has  its  particular  features  with  regard 
to  capacity,  operating  costs,  and  loading  and  unloading  time.  Using 
linear  programing  techniques,  a  solution  can  be  found  for  the  assign- 
ment of  these  trucks  which  will  minimize  the  total  cost  of  moving 
earth. 

The  potential  value  of  this  technique  is  demonstrated  by  the  fact 
that  a  simple  problem  involving  the  assignment  of  only  12  units  to  12 
jobs  would  otherwise  require  the  examination  of  about  479,000,000 
different  combinations  of  assignments  or  programs,  if  all  possibili- 
ties were  looked  at.  This  comparison  is  possibly  misleading  in  that 
most  of  479,000,000  combinations  could  be  eliminated  as  obviously 
inefficient.  But  the  number  remaining  would  still  be  very  large. 

The  assignment  of  different  types  of  manufacturing  equipment  to 
different  jobs  may  be  approached  in  the  same  way.  The  principal 
limitation  on  this  solution  is  the  necessary  assumption  that  all  assign- 
ments are  made  for  the  same  time  period.  It  cannot  handle  the  com- 
plex type  of  assignment  problem  in  which  one  machine  may  alter- 
nately be  performing  several  different  types  of  operations  within  a 
single  time  period,  or  in  which  all  of  the  jobs  are  not  started  at  the 
same  time. 

B.  Problems  of  allocating  limited  resources  among  competing  ac- 
tivities or  uses:  In  this  class  of  problems,  inputs  are  specified  as 
being  "not  more  than"  specified  total  quantities  of  each  input  avail- 
able to  be  divided  among  the  competing  uses.  The  optimum  solution 
may  thus  require  the  full  amount  available  or  may  require  a  stated 
lesser  quantity. 

It  is  interesting  that  the  first  formulation  of  a  linear  programing 
problem  of  this  type  was  made  by  George  Stigler  in  1945.  Stigler's 
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objective  was  to  find  that  diet  which  would  provide,  for  a  minimum 
total  cost,  specified  minimum  quantities  of  key  vitamins,  minerals, 
and  proteins,  as  well  as  a  minimum  caloric  intake.  Each  individual 
food  considered  provided  a  different  combination  of  requirements 
and  at  a  different  cost.  Paying  no  attention  to  taste  or  variety,  he 
found  that,  at  1944  prices,  his  minimum  diet  requirements  could  be 
met  for  $59.88  per  year  by  a  diet  of  cabbage,  beans,  and  wheat. 

The  blending  of  gasolines  was  one  of  the  earliest  industrial  appli- 
cations of  linear  programing.  It  was  quite  similar  to  the  diet  problem 
in  that  it  involved  the  blending  of  several  intermediate  refinery 
products,  each  with  different  quality  characteristics,  costs,  and  avail- 
abilities, to  produce  a  range  of  final  products.  In  this  problem,  each 
of  the  inputs  was  available  in  quantities  up  to  specified  amounts  and 
each  of  the  products  could  be  sold  at  stated  prices  up  to  specified 
maximum  quantities.  In  one  actual  solution,  it  was  found  that  the 
maximum  profit  would  be  realized  if  less  aviation  fuel  were  produced 
than  could  be  sold  and  if  part  of  the  lower-grade  inputs  were  diverted 
to  motor  gasoline — even  though  it  was  technologically  feasible  to 
meet  total  aviation  gasoline  requirements. 

Mathematical  example : 

Assume  that  the  owner-manager  of  a  small  specialty  machine  shop 
has  demand  for  two  products,  A.  and  B.  The  two  products  each  re- 
quire different  amounts  of  time  in  the  stamping,  milling,  drilling, 
and  paint  departments,  as  shown  in  the  following  table.  The  table 
also  indicates  the  total  amount  of  time  available  per  week  in  each 
of  the  departments.  Product  A  yields  a  contribution  to  profit  and 
overhead  of  $5/unit  and  Product  B  yields  $4/unit. 


CAPACITY  UTILIZATION  TABLE 


\Process 
▼  \ 

Stamp 

Mill 

Drill 

Paint 

Product  A 

30 

60 

40 

12 

s 

Usage  of  each 
process  by  products 
>A  8  B  expressed 
in  minutes  /part 

Product  B 

40 

20 

25 

10 

Total 

process 

capacity 

12000 

12000 

10000 

6000 

"1  Total  minutes  per 
>week  available 
J  in  each  process 
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The  problem  is  to  determine  the  mix  of  A  and  B  such  that  total 
contribution  to  profit  and  overhead  will  be  maximized,  without  ex- 
ceeding the  available  capacity  in  any  of  the  machine  shop  depart- 
ments. (  Maximum  possible  sales  per  week  of  each  product  could  also 
be  restrictions  in  the  problem,  but  have  been  omitted  to  simplify 
the  illustration.  It  is  also  assumed  for  simplicity  that  all  costs  other 
than  shop  processing  are  identical  for  Products  A  and  B,  and  hence 
need  not  be  considered  in  the  profit  maximization  problem.) 

The  first  step  is  to  express  the  problem  in  the  form  of  linear  equa- 
tions. Let  XA  and  XB  equal  the  quantities  of  A  and  B  to  be  produced. 
Since  A  and  B  yield  $5  and  $4  per  unit,  respectively,  our  objective 
is  to  maximize  the  expression: 

5XA  +  4XB, 

subject  to  restrictions  which  assure  that  we  do  not  choose  a  solution 
which  will  put  demands  on  any  of  the  process  departments  in  excess 
of  their  available  capacity.  Referring  to  the  capacity  utilization  table, 
it  can  be  seen  that  these  restrictions  can  be  written  as  inequalities 
(since  it  is  feasible  to  choose  a  solution  which  uses  less  than  the 
available  capacity),  as  follows: 


Stamping 

30 

xA 

+  40  XB  ^ 

12000 

Milling 

60 

xA 

+  20  XB  ^ 

12000 

Drilling 
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+  25  XB  ^ 

10000 

Painting 

12 

xA 

+  10  XB  ^ 

6000 

Furthermore,  since  Products  A  and  B  require  processing  in  all 
departments  during  the  course  of  manufacture,  all  of  the  restriction 
conditions  expressed  above  must  be  satisfied  for  any  mixture  of  A 
and  B  chosen  as  a  possible  solution.  The  problem  is  to  find  the  mix- 
ture which  yields  the  maximum  profit. 

Since  this  example  involves  a  mixture  of  only  two  products,  we  can 
illustrate  the  solution  graphically.  The  first  step  in  this  process  is  to 
"map"  the  restriction  equations  in  terms  of  quantities  of  A  and  B. 
(refer  to  Figure  1.)  For  example,  the  paint  shop  has  a  capacity  of 
6000  hours  per  week.  Thus,  if  painting  were  all  we  were  concerned 
with,  we  could  produce  500  A's  (6000  -f-  12  =  500)  or  600  B's 
(6000  10  =  600) ,  or  any  mixture  of  A's  and  B's  which  would  not 
use  more  than  6000  minutes  per  week  of  painting  time.  Thus  any 
point  on  the  line  labeled  "PAINT"  on  the  graph,  or  any  point  under 
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Fig.  1 
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the  line,  is  a  "feasible"  solution  with  respect  to  the  restriction  on 
painting.  Similar  lines  must  be  drawn  for  each  of  the  other  restric- 
tions. Since  all  restrictions  must  be  satisfied  simultaneously,  any 
feasible  solution  to  the  problem  must  lie  under  all  of  the  restriction 
lines,  and  hence  must  be  in  the  area  or  on  the  boundary  of  the  area 
labeled  "FEASIBLE  SOLUTION  SPACE." 

Having  defined  the  area  containing  all  feasible  solutions,  the  next 
step  is  to  locate  the  point  or  points  which  are  optimum  in  terms  of 
the  objective  desired.  This  is  done  as  follows: 

1.  Draw  a  "constant  profit  contribution"  line.  For  example,  we 
have  chosen  arbitrarily  to  draw  a  $2000  line.  Thus  any  point 
along  the  line  A-B  on  the  graph  would  represent  a  mixture  of 
A's  and  B's  which  would  provide  $2000  contribution  to  profit 
and  overhead.  The  end  points  of  this  line  are  determined  as 
follows: 
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The  purpose  of  drawing  the  "constant  profit"  line  is  to  deter- 
mine its  slope,  since  any  "constant  profit"  line  will  be  parallel 
to  the  one  we've  already  drawn  as  long  as  the  realtionship  be- 
tween the  profit  contributions  of  A  and  B  remain  constant;  i.e., 


2.  Since  the  line  we  have  drawn  does  not  touch  the  "FEASIBLE 
SOLUTION  SPACE,"  the  level  of  profit  arbitrarily  chosen  was 
too  high.  Therefore,  the  next  step  is  to  "move"  the  line  down, 
remaining  parallel  to  the  original  $2000  line  until  some  part 
of  the  line  first  touches  the  FEASIBLE  SOLUTION  SPACE. 
The  line  C-D  represents  this  condition,  and  hence  the  point 
where  Xa  =  120  and  Xb  =  210  is  the  optimum  solution  to 
the  problem. 

Total  contributions  to  profit  and  overhead  at  the  optimum  solution 
may  be  determined  by  solving  the  original  objective  expression. 


It  is  a  characteristic  of  linear  programming  problems  that  the 
optimum  solution  will  always  be  somewhere  on  the  boundary  of  the 
feasible  solution  space. 

A  simple  graphic  solution  was  chosen  here  to  illustrate  the  con- 
cept of  linear  programming.  In  general  the  determination  of  opti- 
mum solutions  in  problems  of  this  type  is  extremely  complex,  since 
graphic  solution  is  impossible  if  the  "product  mix"  exceeds  two  or  at 
most  three  items.  Some  very  practical  problems  involve  literally  hun- 
dreds of  "products."  Solution  of  these  complex  problems  is  obtained 
through  use  of  the  so-called  simplex  technique  (although  it  is  not  a 
"simple"  technique).  It  is  an  iterative  process  by  which  solutions 
closer  and  closer  to  optimum  are  obtained  at  each  step  until  the 
provably  best  solution  is  reached.  The  process  is  a  purely  mechanical 
one  for  which  precise  step-by-step  rules  exist.  The  technique  has  been 
programmed  for  almost  every  general  purpose  digital  computer  in 


5  to  4. 


Thus: 


5XA  +  4XB  =  $5(120)  +  $4(210) 

=  $600  +  $840  =  $1440/week. 
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existence,  and  the  routines  are  readily  available  from  computer  man- 
ufacturers or  program  libraries. 

The  numerical  solution  of  the  problem  is  achieved  by  the  so-called 
simplex  technique,  which,  as  stated  above,  is  an  iterative  process  to 
obtain  solutions  closer  and  closer  to  optimum  until  the  provably  best 
solution  is  reached.  The  process  is  a  purely  mechanical  one  for  which 
precise  step-by-step  rules  exist.  In  this  respect  the  process  is  similar 
to  the  process  of  finding  square  roots  by  hand. 

2.  Examples  of  applications:  A  typical  linear  programing  prob- 
lem involving  the  operation  of  a  chemical  plant  might  be  formulated 
as  follows: 

(a)  Ten  different  basic  chemicals  are  used  in  the  production  ,of 
eight  separate  products. 

(b)  Each  of  the  ten  raw  materials  can  enter  into  each  of  the  final 
products.  The  relative  proportions  of  raw  materials  used  in 
each  product  can  be  varied  within  stated  limits.  In  other 
words,  within  limits,  each  of  the  raw  materials  can  be  sub- 
stituted for  one  or  more  of  the  others. 

(c)  Maximum  capacities  exist  for  each  production  unit,  and  each 
production  unit  can  produce  alternative  products  at  known 
costs. 

(d)  Each  of  the  raw  materials  is  available  up  to  specified  amounts 
at  given  base  prices;  additional  quantities  are  available  at 
premium  prices. 

(e)  A  maximum  market  exists  for  each  of  the  products  at  a  given 
price;  additional  quantities  can  be  sold  only  at  discounts. 

Given  these  conditions,  it  is  possible  to  find  the  most  profitable 
production  plan  including: 

(a)  The  amounts  of  each  raw  material  required 

(b)  The  proportions  of  each  raw  material  used  in  each  product 

(c)  The  amount  of  each  product  produced 
(d  )  The  profit  which  will  be  realized 

In  addition  to  finding  the  optimum  production  pattern,  it  is  pos- 
sible to  determine  quickly  the  profit  implications  of: 

(a)  Changes  in  prices  or  available  quantities  of  raw  materials 
(b  )  Changes  in  demand  for  products  in  terms  of  price  and  quan- 
tity 

(c)  Changes  in  production  technology 

(d)  Additions  to  production  capacity 
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Another  type  of  application  is  in  the  allocation  of  limited  capital 
among  various  items  of  inventory.  In  this  situation,  inventories  can- 
not be  maintained  at  ideal  levels  because  of  the  overriding  limitation 
on  capital.  The  optimum  allocation  will  minimize  the  total  expected 
losses  resulting  from  inadequate  inventories  and  runouts.  Some 
losses  may  be  accurately  predictable,  and  others  will  be  subject  to 
random  withdrawal  of  items  from  inventory.  Predictable  losses  in- 
clude those  arising  from  uneconomical  shipments.  Losses  arising 
from  random  withdrawal  from  inventory,  such  as  those  resulting 
from  sales  or  from  failure  of  a  part,  often  can  be  described  by  prob- 
ability distributions.  If  such  random  elements  are  present,  the 
computation  of  the  solution  becomes  more  difficult  and  the  answer 
is  expressed  as  "the  most  probably  optimum." 

C.  Problems  involving  time:  In  scheduling  production  to  meet  a 
sales  forecast,  random  irregularities  and  seasonal  variations  in  sales 
can  be  met  by  any  combination  of  changes  in  the  level  of  regular 
production,  in  the  amount  of  overtime  production,  and  in  the  level 
of  inventories.  For  any  given  number  of  weeks  or  months  ahead,  it 
is  possible  to  determine  that  production  schedule  which  will  meet 
the  sales  forecast  at  the  minimum  total  cost  of  production  and  ware- 
housing. 

D.  Other  types  of  problems:  Linear  programing  has  also  had 
limited  application  to  problems  in  which  some  of  the  factors  can  be 
described  only  as  a  range  of  probabilities  for  a  corresponding  range 
of  values.  For  example,  a  distribution  problem  may  involve  demands 
on  each  of  several  warehouses  which  are  subject  to  random  fluctua- 
tions and  that  can  be  expressed  only  as  probabilities.  Solutions  to 
this  type  of  problem  that  do  not  substantially  increase  the  size  of 
the  computational  effort  have  been  worked  out  by  George  Danzig  of 
the  RAND  Corporation.* 

In  another  application,  linear  programing  has  been  used  to  rec- 
ognize the  production,  warehousing,  and  distribution  of  a  large  paper 
company  which  produces  the  same  types  of  paper  in  several  different 
plants  and  on  different  types  of  machines.  By  means  of  linear  pro- 
graming, a  production  and  distribution  program  for  each  mill  was 
worked  out  so  that  the  over-all  performance  of  the  system  was  opti- 
mized. This  involved  several  major  variables: 

*  George  Danzig;  "Recent  Advances  in  Linear  Programing,"  Man- 
agement Science,  Vol.  2,  No.  2.  January  1956. 
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(a)  Each  plant  had  different  models  of  paper  machines,  each  of 
which  had  different  operating  costs  and  capacities  for  each 
grade  of  paper. 

(b)  Requirements  of  each  distribution  warehouse  varied  both  as 
to  type  and  volume  of  paper  sold. 

(c)  The  paper  mills  and  warehouses  were  widely  scattered 
throughout  the  United  States  and  Canada,  and  transporta- 
tion was  an  important  expense. 

The  final  answer  provided  the  optimum  schedule  for  each  of  the 
plants,  and  showed,  for  each  grade  of  paper,  whether  production 
should  be  concentrated  in  one  plant  or  in  more  than  one  plant. 

Still  other  types  of  problems  for  which  linear  programing  has 
been  used  or  appears  feasible,  include: 

(a)  Machine  loading,  (under  rather  restricted  conditions). 

(b)  Blending  of  commercially  produced  livestock  feeds  to  pro- 
vide required  nutrient  value  at  minimum  cost. 

(c)  Scheduling  of  air  cargo  operations  involving  several  differ- 
ent types  of  aircraft,  cargoes,  origins,  and  designations. 

(d)  Analysis  of  competing  bids  where  bidders  are  permitted  both 
individual  group  bids  and  where  individual  bidders'  ca- 
pacities are  limited  so  that  only  certain  combinations  of  bids 
from  a  single  supplier  can  be  accepted.  Linear  programing 
makes  it  possible  to  award  contracts  so  that  overall  cost  is 
minimized  and  so  that  no  contract  exceeds  the  capacity  of 
the  individual  supplier. 

(e)  Maximization  of  over-all  return  by  the  optimum  distribution 
of  product  among  the  major  population  centers.  For  example, 
a  national  distributor  of  fresh  fruits  has  a  crop  that  varies 
considerably,  both  seasonally  and  from  year  to  year.  If  he  can 
successfully  approximate  the  price-volume  relationship  for 
each  distributing  center,  he  can  use  linear  programing  to 
tell  him  how  to  divide  any  given  total  volume  so  that  his  price 
in  each  center  is  roughly  in  line  with  other  prices  (after  sub- 
tracting freight)  and  so  that  his  total  profit  is  maximized. 

Limitations  of  Linear  Programing 

Linear  programing  as  a  tool  has  limitations  as  well  as  advan- 
tages. The  principal  limitation  is  that  it  treats  all  relationships  as 
linear.  For  example,  if  100  square  feet  of  storage  space  costs  $150, 
then  200  square  feet  costs  $300,  and  30  square  feet  costs  $450.  If  the 
direct  costs  on  10  units  are  $100,  the  direct  costs  on  20  units  are  as- 
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sumed  to  be  $200.  In  actuality,  the  unit  costs  of  storage  may  go  up 
as  space  becomes  scarcer;  the  direct  costs  of  production  may  in- 
crease as  output  approaches  capacity;  or  the  cost  of  a  lost  sale  may 
be  greater  for  the  50th  unit  than  for  the  first.  This  dimulty  is  met  in 
part  by  selecting  the  straight  line  which,  in  the  critical  range,  most 
closely  approximates  the  true  curve. 


Actual  cost/unit 


Direct  cost/unit 


Linear  approximation 
of  actual  cost /unit 


Rate  of  production 


A  second  limitation  on  linear  programing  is  that  it  is  very  diffi- 
cult to  handle  more  than  one  set  of  conditions  at  a  time.  In  other 
words,  it  can  provide  the  optimum  allocation  of  resources  for  one  set 
of  conditions,  but  it  cannot,  without  extreme  difficulty,  find  the  opti- 
mum program  over  several  sets  of  different  conditions.  For  example, 
if  the  oil  refinery  problem,  mentioned  above,  extended  to  cover  12 
monthly  periods  in  which  there  were  different  prices,  availabilities, 
and  demands  in  each  period,  it  would  be  very  difficult  to  use  linear 
programing. 

A  third  difficulty  is  common  in  all  applications  of  mathematical 
analysis  to  management  problems.  Most  management  problems  of 
real  importance  quickly  grow  to  such  size,  as  measured  by  the  num- 
ber of  factors  or  variables  involved,  that  even  the  largest  computers 
cannot  handle  them.  This  means  that  simplification  of  the  problem, 
by  cutting  out  some  of  the  less  important  elements,  becomes  essen- 
tial. Here  the  skill  of  the  trained  mathematical  analyst  becomes  all- 
important.  He  must  be  able  to  cut  the  problem  down  to  size  without 
destroying  its  essential  characteristics,  or  else  to  conclude  that  the 
necessary  simplifications  would  destroy  the  significance  of  the  con- 
clusion. 

Finally,  like  most  analytical  tools,  linear  programing  usually  en- 
tails a  costly  data-collecting  program.  It  requires,  to  set  up  the 
problem,  a  skilled  mathematical  analyst,  who  can  determine  what 
simplifications  can  be  made  safely  in  order  to  make  the  problem 
manageable  and  who  can  program  the  solution  so  that  the  maxi- 
mum of  useful  information  can  be  provided  at  the  minimum  cost.  In 
some  cases  it  has  been  found  that  older  cut  and  try  methods  of 
scheduling  production,  especially  where  done  by  the  same  person 


49 


over  a  period  of  years,  often  have  been  coming  quite  close  to  the 
optimum  as  subsequently  determined  by  a  linear  program.  Linear 
programing,  therefore,  should  not  be  undertaken  without  a  compe- 
tent man  to  direct  the  program  and  unless  the  process  to  be  studied 
has  the-possibility  of  saving  substantial  sums  of  money. 

Advantages  of  Linear  Programing 

Linear  programing  also  has  several  advantages,  in  addition  to 
its  primary  capability  of  precisely  handling  a  very  complex  problem 
involving  a  very  large  number  of  separate  variables.  Once  a  prob- 
lem has  been  set  up  and  solved,  it  then  can  be  modified  with  very 
little  additional  work.  For  example,  if  the  cost  of  a  raw  material 
changes,  it  is  quite  easy  to  substitute  the  new  price  and  find  the  new 
optimum  without  re-solving  the  entire  problem. 

Linear  programing  also  provides  a  new  approach  to  the  problem 
of  cost  analysis.  If  linear  programing  has  been  used  to  find  the 
optimum  program  for  the  manufacture  of  a  given  mix  of  products 
going  through  a  plant,  it  is  relatively  simple  to  determine  the  addi- 
tional costs  involved  in  adding  one  more  order  to  the  mix  of  orders 
in  process.  This  is  of  considerable  value  to  a  firm  which  may  be 
bidding  on  a  new  job  and  wishes  to  know  the  real  added  costs  in- 
volved for  a  given  mix  or  orders  already  in  process.  For  certain 
types  of  operations,  linear  programing  thus  provides  an  alternative 
approach  to  the  sticky  problem  of  joint  costs  and  allocation  of  in- 
direct expense. 

Similarly,  linear  programing  can  be  used  to  determine,  for  any 
specific  mix  of  products,  the  added,  or  decreased,  income  resulting 
from:  (a)  The  addition  of  machines,  (b)  the  replacement  of  one 
machine  with  another,  (c)  a  change  in  price  of  one  or  more  raw 
materials,  (d)  a  change  in  market  demand  or  price. 

A  linear  program  can  also  be  used  to  find  the  actual  costs  of  pro- 
ducing items  for  good  will  or  maintaining  a  complete  line  to  offer 
customers.  It  can  also  show  more  accurately  than  cost  accounting 
the  most  profitable  lines  on  which  to  concentrate  sales  effort  and 
marketing  expenditures. 

In  summary,  once  set  up,  linear  programing  may  be  an  impor- 
tant tool  to  a  manufacturer  to  permit  the  quick  assessment  of  the 
profit  implications  of  any  sudden  changes  in  the  market  situation  and 
to  make  the  best  decisions  on  how  to  adjust  his  operations  to  meet 
these  conditions. 
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Quadratic  Programing 

Like  linear  programing,  quadratic  programing  is  an  algebraic 
technique.  A  quadratic  equation  differs  from  a  linear  one  in  that  it 
includes  a  second  order,  or  "square"  term;  for  example, 
X2  -f-  4ax  -f-  b  =  c.)  The  difference  is  that  quadratic  programing 
can  handle  problems  in  which  the  cost  relationships  can  be  non- 
linear. For  example,  direct  costs  per  unit  can  change  with  volume. 
Thus  quadratic  programing  can  be  used  to  find  the  optimum  sched- 
ule of  production  or  distribution  activities  when  direct  costs  per 
unit  are  not  constant,  but  change  with  volume.  It  is  also  of  value 
in  finding  the  optimum  schedule  over  successive  time  periods  when 
demand  fluctuates. 
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The  advantage  of  the  quadratic  approximation  of  the  actual  cost 
relationship  as  compared  to  a  linear  approximation  is  shown  in 
Figure  4.  The  specific  proportions  of  a  quadratic  curve  may  be 
changed  to  fit  any  particular  cost  relationship.  If  the  cost  relation- 
ship is  actually  a  straight  line,  the  quadratic  curve  may  be  flattened 
out  so  that  it  closely  approximates  a  straight  line  in  the  critical 
range.  On  the  other  hand,  if  the  actual  relationship  is  sharply  curved, 
the  quadratic  curve  can  be  closely  fitted  to  it. 

Charles  Holt,  Franco  Modigliani,  and  Herbert  Simon  of  Carnegie 
Institute  of  Technology  have  developed  in  quadratic  programing  a 
form  of  analysis  which:  (1)  by  use  of  nonlinear  (quadratic)  curves, 
permits  a  closer  approximation  than  does  linear  programing  of  the 
actual  cost  relationships,  and  (2)  allows  the  computational  work  to 
be  reduced  to  a  linear  form  and  hence  made  relatively  simple.* 

*  C.  C.  Holt,  F.  Modigliani,  H.  A.  Simon,  "A  Linear  Decision  Rule  for 
Production  and  Employment  Scheduling,"  Management  Science,  Vol.  2, 
No.  1,  Oct.  1955,  p.  1.  Also,  C.  C.  Holt,  F.  Modigliani,  J.  F.  Muty, 
"Derivation  of  a  Linear  Decision  Rule  for  Production  and  Employment," 
Management  Science,  Vol.  2,  No.  2,  January  1956,  p.  159. 
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Adjusting  Production  and  Inventory  Levels  to  Changes  in  Sales 

One  successful  application  of  this  technique  to  production  sched- 
uling has  provided  a  means  for  setting  over-all  production  and  em- 
ployment levels  which  take  into  consideration  both  forecasts  of 
changes  in  future  demand  and  current  levels  of  inventory,  work 
force,  and  production.  Where  demand  for  a  product  fluctuates 
markedly,  three  alternative  ways  of  absorbing  these  fluctuations  are 
open  to  management: 

1.  Adjusting  the  size  of  the  work  force  by  hiring  and  firing  in 
exact  conformity  with  the  fluctuations  in  orders 

2.  Adjusting  the  production  rate  to  fluctuations  in  orders  by  work- 
ing overtime  or  "undertime"  with  a  constant  work  force 

3.  Allowing  inventories  and  the  backlog  of  orders  to  fluctuate 
while  maintaining  a  constant  work  force  and  production  rate 

Each  of  these  alternatives  has  certain  disadvantages,  which  are 
reflected  in  added  costs.  Adjusting  production  by  hiring  and  firing 
is  expensive  in  personnel  processing  and  training — and  in  morale. 
Overtime  and  undertime  both  result  in  added  costs.  Leveling  pro- 
duction by  an  inventory  cushion  adds  to  requirements  for  working 
capital  and  warehouse  facilities.  Back-ordering  results  in  lost  sales 
and  in  disrupted  production  schedules. 

By  means  of  quadratic  programing,  it  is  possible  to  determine 
how  much  of  the  fluctuation  in  forecast  demand  should  be  met  by 
changes  in  the  work  force,  by  changes  in  overtime,  by  changes  in 
production  rates,  and  by  changes  in  inventory  levels.  The  objective 
is  to  smooth  these  changes  in  a  way  that  minimizes  total  costs  over 
the  long  run. 

It  is  thus  possible — at  the  beginning  of  each  week,  month,  or  quar- 
ter— to  adjust  the  combination  of  size  of  work  force,  overtime,  and 
production  level  so  that  (1)  immediate  requirements  are  fulfilled; 
and  (2)  current  levels  of  production  place  the  company  in  the  best 
position  to  meet  forecast  demands  for  succeeding  periods  at  a  mini- 
mum cost. 

Adjusting  Production  to  a  Sales  Forecast 

As  shown  in  the  example  in  Figure  5a,  the  sales  forecast  of  a 
chemical  manufacturer  shows  a  small  rise  in  demand  in  February, 
a  drop  through  the  spring,  and  a  substantial  rise  through  the  sum- 
mer into  the  fall.  The  application  of  quadratic  programing  might 
respond  to  this  forecast  by  maintaining  the  same  work  force  until 
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March  (Figure  5b)  ;  adding  labor  during  April  and  May  in  antici- 
pation of  the  rise  in  demand  in  the  summer  and  fall;  and  stabilizing 
the  payroll  from  May  on.  Overtime  (Figure  5c)  would  not  be  in- 
creased to  respond  to  the  temporary  February  rise  in  demand;  in- 
stead it  would  be  cut,  because  the  mathematical  program  anticipates 
the  subsequent  rise  in  demand  in  the  summer  by  calling  for  more 
regular  workers  to  be  hired  in  March,  thus  tending  to  decrease  the 
need  for  overtime.  The  February  rise  in  demand  would  thus  be  met 
primarily  from  inventory  (Figure  5d)  while  the  July-September 
increase  would  be  met  primarily  by  increasing  the  size  of  the  labor 
force  beginning  in  March.  Only  in  August  would  some  increase  in 
overtime  be  called  for  so  that  the  permanent  work  force  could  be 
stabilized  at  a  level  below  the  August  peak. 
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A  Test  of  Quadratic  Programing 

In  the  application  of  quadratic  programing  to  the  scheduling  of 
a  paint  company,  a  minimum  saving  of  8:5  per  cent  of  total  direct 
costs  was  shown  to  be  possible,  even  when  using  a  primitive  fore- 
casting technique.  In  this  case,  quadratic  programing  was  used  to 
"reschedule"  past  production  so  that  the  costs  could  be  compared 
with  the  costs  of  the  schedule  actually  used.  In  this  test,  the  "fore- 
cast" of  future  orders  was,  of  course,  not  the  actual  demand  that 
subsequently  developed.  Instead  it  was  simply  a  running  average  of 
the  previous  three  months'  demand.  In  actual  practice  it  was  im- 
possible to  use  considerably  more  accurate  forecasts,  so  it  is  reason- 
able to  believe  that  actual  savings  would  be  above  the  3.5  per  cent 
figure.  The  technique  is  now  being  used  in  the  regular  scheduling 
of  the  plant. 

In  checking  the  performance  of  quadratic  programing  in  sched- 
uling the  operations  of  the  paint  factory,  it  turned  out  that  if  an 
absolutely  perfect  forecast  had  been  available,  the  added  improve- 
ment in  performance  would  have  been  less  than  the  improvement 
already  obtained  by  the  use  of  quadratic  programing  with  an  in- 
different forecast.  In  this  case  at  least,  trying  to  perfect  the  fore- 
casts is  of  less  importance  than  improving  the  means  by  which  pro- 
duction is  adjusted  to  imperfect  forecasts. 

Advantages  of  Quadratic  Programing 

One  unique  advantage  of  the  quadratic  programing  technique 
is  that  forecasts  of  future  orders  may  be  expressed  by  probability 
distributions  as  well  as  by  single  values,  without  adding  significantly 
to  the  computational  work.  This  capability  enhances  the  usefulness 
of  the  technique  in  providing  answers  to  problems  involving  uncer- 
tainty. 

A  further  advantage  of  this  technique  is  that  a  quadratic  program, 
once  set  up,  can  be  re-solved  periodically  to  take  into  consideration 
new  and  better  forecasts.  Thus  it  is  possible  to  correct  the  schedule 
as  time  progresses.  But  each  new  solution  will,  of  course,  take  into 
consideration  past  decisions  so  that  changes  in  production  levels 
and  in  labor  force  are  kept  to  optimal  values  by  avoiding  swings  in 
inventories,  labor  force,  and  production  rates. 

The  potential  applications  of  quadratic  programing  appear  to  be 
broader  than  the  examples  cited.  Among  other  possible  uses  are: 
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financial  programing,  including  cash  flow,  short-term  borrowing,  and 
long-term  financing;  the  programing  of  equipment  expansion  and 
replacement;  and  the  scheduling  of  ships  and  other  types  of  trans- 
portation. Industries  that  have  guaranteed  annual  wage  plans  and 
that  also  face  fluctuating  sales  may  find  quadratic  programing  of 
particular  value  in  stabilizing  production  and  employment  levels. 

Dynamic  Programing 

Dynamic  programing  is  a  method  of  solving  multistage  program- 
ing problems  in  which  the  decisions  at  one  stage  become  the  condi- 
tions governing  the  succeeding  stages.  (Quadratic  programing  is  a 
form  of  dynamic  programing  in  that  it  can  be  used  to  find  that  set 
of  decisions  over  successive  periods  which  will  minimize  total  costs.) 
If,  for  example,  there  were  no  added  costs  or  other  disadvantages 
associated  with  changing  production  and  employment  levels  from 
week  to  week,  a  factory  could  be  scheduled  on  a  weekly  basis  with 
no  regard  for  the  level  of  production  during  the  preceding  or  follow- 
ing week.  It  is  the  interdependence  of  decisions  at  several  stages  that 
distinguishes  dynamic  programing  problems. 

Scheduling  and  Locating  a  Series  of  New  Plants 

In  the  planning  of  a  capital  expansion  program,  several  alterna- 
tives are  usually  available  to  management.  If  a  single  new  plant  is 
built  in  the  center  of  a  large  market  area,  the  size  and  location  of 
subsequent  plants  in  the  area  will  be  different  from  the  size  and 
location  of  plants  if  the  first  plant  had  not  been  built.  If  two  smaller 
plants  are  built  instead  of  one  larger  one,  the  possibilities  for  further 
construction  are  quite  different.  Very  quickly  the  number  of  alterna- 
tive combinations  of  plants  and  their  construction  schedules  becomes 
very  large,  and  it  is  extremely  difficult  to  evaluate  all  alternative 
combinations. 

In  order  to  evaluate  all  feasible  combinations  of  schedules  and 
locations,  a  very  substantial,  if  not  impossible,  computational  job 
is  required.  Moreover,  the  problem  is  complicated  by  the  fact  that, 
since  any  given  pattern  of  plants  will  only  be  optimal  at  a  given 
point  in  time,  any  expansion  plan  will  result  in  less  than  optimum 
operations  at  any  given  time,  simply  because  plants  cannot  be  re- 
located every  year.  Dynamic  programing  provides  a  possible  means 
of  determining  the  sizes,  locations,  and  timing  for  a  series  of  plants 
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which,  taken  together,  will  optimize  the  over-all  profits  of  the  enter- 
prise. 

Potential  Uses  of  Dynamic  Programing 

Dynamic  programing  is  therefore  of  considerable  potential  value 
in  a  large  class  of  critical  management  problems.  But  whether  or 
not  a  given  problem  can  be  solved  today,  even  by  approximative 
techniques,  can  only  be  determined  by  detailed  examination  of  that 
specific  problem.  Some  of  the  types  of  problems  which  may  be 
solvable  include: 

1.  Long-range  capital  budgeting 

2.  Timing  of  equipment  replacement 

3.  Machine  loading  in  job  shops 

4.  Transportation  scheduling  to  meet  shifting  demands 

5.  Smoothing  of  production  levels  to  meet  variable  demands 

6.  Allocation  of  limited  resources  between  current  consumption 
and  reinvestment  to  increase  future  output 

Since  dynamic  programing  is  clearly  in  the  developmental  stage, 
its  applications  should  be  limited  to  situations  of  high  potential 
payoff  and  situations  where  management  is  prepared  to  regard  the 
necessary  expense  in  the  same  light  as  it  would  research-and-develop- 
ment  expenses.  Because  of  the  complexity  of  most  managemnt  prob- 
lms  (discussed  later)  will  provide  a  more  practical  approach  to  most 
problems  than  will  formal  dynamic  programing.  The  essential  differ- 
ence is  that  dynamic  programing  attempts  to  provide  the  exact  opti- 
mum by  the  solution  of  a  set  of  mathematical  statements  or  equations. 
Simulation,  instead,  is  a  controlled  trial-and-error  process  in  which 
successively  better  numerical  answers  are  obtained  by  repeated  trial 
solutions.  The  process  is  repeated  until  an  answer  is  found  which 
approximates  the  true  solution  sufficiently  closely  to  be  acceptable. 

Input-output  Analysis 

Input-output  analysis  is  an  analytical  method  of  determining  the 
change  in  the  direct  and  indirect  requirements  for  goods  and  services 
which  will  result  from  a  change  in  demand  for  other  related  prod- 
ucts. The  mathematical  solution  of  this  type  of  problem  is  accom- 
plished by  use  of  matrix  algebra — a  special  branch  of  mathematics — 
which  describes  the  problem  as  a  matrix  in  which  the  input-output 
relationships  among  each  pair  of  products,  such  as  coal  and  steel,  are 
entered  in  the  appropriate  cells  of  the  matrix. 
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Analysis  of  an  Entire  Economy 

Input-output  analysis  was  originally  developed  by  Wassily  Leontief 
of  Harvard  University  as  a  tool  for  analyzing  an  over-all  economy. 
Mathematically,  it  is  a  variation  of  linear  programing  and  provides 
a  quantitative  framework  for  the  description  of  an  entire  economy. 
Basic  to  input-output  analysis  is  a  unique  set  of  input-output  ratios 
for  each  production  and  distribution  process.  For  example,  the  inputs 
of  coal,  ore,  limestone,  electric  power,  etc.,  all  enter  into  the  produc- 
tion of  pig  iron  in  fixed  ratios.  Thus,  if  the  ratios  of  inputs  per  unit 
of  output  are  known  for  all  production  processes,  and  if  the  total 
production  of  each  end  product  of  the  economy — or  of  that  section 
being  studied — is  known,  it  is  possible  to  compute  precisely  the  pro- 
duction levels  required  at  every  intermediate  stage  to  supply  the  total 
sum  of  end  products.  Further,  it  is  possible  to  determine  the  effect 
at  every  point  in  the  production  process  of  a  specified  change  in  the 
volume  and  mix  of  end  products. 

By  means  off  input-output  analysis,  it  is  possible  to  determine  the 
effects  throughout  the  economy,  for  example,  of  a  10  per  cent  increase 
in  automobile  production.  Solution  of  the  mathematical  matrix  will 
give  not  only  the  increase  in  direct  requirements  for  steel,  power, 
glass,  etc.,  but,  more  important,  will  also  give  secondary  and  tertiary 
effects,  such  as  the  added  requirements  for  electric  power  by  the 
glass  makers,  the  steelmakers,  the  tire  makers,  etc.,  which  result 
from  the  increase  in  automobile  production. 

Potential  Use  in  Basic  Industries 

Its  potential  industrial  value  is  largely  limited  to  the  analysis  of 
basic  industries  whose  products  enter  into  many  other  products  and, 
most  important,  where  there  is  a  high  degree  of  circular  flow.  For 
example,  coal  enters  into  many  other  products,  both  as  a  fuel  and 
as  a  source  of  chemicals.  The  impact  on  the  coal  industry  of  a  10 
billion  dollar  highway  program  would  be  manifested  in  a  variety 
of  direct  and  indirect  ways.  The  added  cement  requirements  would 
produce  a  direct  increase  in  coal  requirements;  the  added  steel  re- 
quirements would  also  produce  corresponding  direct  requirements 
for  coking  coal.  But  both  the  added  cement  requirements  and  the 
added  steel  requirements  would  produce  added  demands  for  electric 
power — which,  in  turn,  would  further  increase  coal  requirements. 
The  added  coal  requirement  would  itself  result  in  further  demands 
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for  more  electric  power,  which,  in  turn,  would  raise  the  coal  require- 
ments again.  The  cement  industry,  the  steel  industry,  the  power  indus- 
try, and  the  coal  industry  would  require  more  capital  equipment 
and  again  the  steel  and  power  requirements  would  be  upped  and  the 
coal  requirements  further  raised,  and  so  on. 

Thus  the  chain  of  reaction  from  the  highway  program  goes  on 
indefinitely — but  progressively  the  indirect  effects  become  less  and 
less  until  the  system  reaches  a  new  level  of  equilibrium.  Clearly,  if 
one  were  to  try  to  compute  the  total  increase  in  coal  requirement 
which  would  flow  from  a  10  billion  dollar  highway  program  by 
trying  to  trace  through  these  interactions,  he  would  become  hope- 
lessly bogged  down.  Input-output  analysis  provides  a  theoretically 
exact  and  relatively  easy  (with  a  computer)  solution  to  the  problem. 

Limitations  of  Input-output  Analysis 

The  development  of  a  matrix,  however,  is  a  major  undertaking 
and  probably  would  be  quite  costly.  Its  potential  users  are,  therefore, 
limited  to  governments  and  to  major  corporations.  It  may  be  a  useful 
tool  in  projecting  long-range  market  forecasts  and  in  ascertaining 
the  effect  on  a  given  industry  of  changes  elsewhere  in  the  economy. 
It  is  also  potentially  useful  in  estimating  the  implications  of  techno- 
logical change.  It  is  of  little  value  in  short-run  forecasting,  where 
management  decisions  on  inventories  are  not  governed  by  the  neces- 
sity to  adhere  to  the  fixed  input-output  ratios. 

The  real  difficulties  are  that  the  raw  data  on  individual  input- 
output  relationships  are  so  difficult  and  costly  to  obtain  that  a  major 
effort  is  involved.  The  Federal  government  has  spent  large  sums 
collecting  such  information,  and  much  of  it  is  available  to  the  public. 
But  even  so,  the  individual  user  would  undoubtedly  find  that  he 
needed  much  new  information.  A  further  difficulty  is  that  even  the 
largest  tables  of  400  separate  industry  categories  require  consider- 
able aggregation.  This  is  particularly  true  in  dynamic  industries  such 
as  electronics  where,  for  example,  the  total  copper  used  must  be 
expressed  as  a  fixed  percentage  of  the  dollar  value  of  the  combined 
industry  output,  regardless  of  the  continuing  changes  in  individual 
designs. 

Mathematical  Logic 

Mathematical  or  symbolic  logic  is  a  method  of  logical  reasoning  in 
formal  mathematical  terms.  As  a  language  of  reasoning,  it  has  a 
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great  advantage  over  verbal  language  in  that  it  is  designed  to  be 
rigorously  free  of  contradiction  and  ambiguity. 

Symbols  Expressing  Logical  Relations 

Mathematical  logic  is  concerned  with  fundamental  logical  relations. 
For  example,  assume  that  A  and  B  are  sets  of  individual  objects, 
quantities,  or  characteristics.  The  fundamental  relations  between  these 
sets  can  be  expressed  symbolically  as: 

ACB  Which  means  that  all  the  items  in  group  A  are 

also  contained  in  group  B. 
A+B  Which  means  "either  A  or  B" 
A  B    Which  means  "both  A  and  B" 
A'       Which  means  "not  A." 

By  use  of  these  four  fundamental  expressions,  very  complex  logical 
problems  can  be  described  and  analyzed,  just  as  the  more  familiar 
algebra  provides  a  symbolic  means  of  describing  and  solving  complex 
numerical  problems. 

Probably  the  single  most  important  application  of  mathematical 
logic  so  far  has  been  in  the  design  of  the  very  complex  circuitry  of 
electronic  computers.  There  has  also  been  some  experimental  applica- 
tion of  mathematical  logic  to  contracts,  legal  codes,  and  similar  com- 
plex documents,  which  are  difficult  if  not  impossible  to  trace  through 
without  an  orderly  method  of  logical  analysis. 

Application  to  Priority  Problems 

Mathematical  logic  can  also  be  used  in  some  cases  to  reduce  the 
overwhelming  complexity  of  some  types  of  management  problems. 
Although  its  uses  so  far  have  been  limited,  mathematical  logic  has 
application  to  a  general  class  of  problems  of  scheduling  or  sequencing 
individual  operations  in  a  production  shop. 

The  potential  importance  of  analytical  techniques  for  solving  prob- 
lems of  this  type  is  illustrated  by  the  fact  that  there  are  207,360,000 
different  sequences  possible  for  only  five  production  jobs,  each  of 
which  passes  over  the  same  four  machines.  Mathematical  logic  pro- 
vides a  means  of  quickly  identifying  those  sequences  that  meet  all 
the  technical  and  priority  conditions. 

The  problems  of  priorities  in  scheduling  work  are  of  many  differ- 
ent types,  and  it  is  impossible  to  specify  in  advance  the  type  of 
solution  best  suited  to  each.  Problems  may  involve  choosing  among 
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alternative  sequences  for  individual  steps.  They  may  also  involve 
machines  that  can  be  used  alternatively  on  some  parts  and  not  on 
others.  It  seems  probable  that  the  methods  developed  by  Akers  and 
and  Friedman  *  for  scheduling  production  can  be  usefully  applied 
to  some,  types  of  problems,  either  for  a  complete  solution,  or  to 
narrow  greatly  the  number  of  alternatives  to  be  considered. 

In  many  problems  involving  priorities,  it  is  important  to  invoke 
a  high  priority  on  individual  components  only  in  so  far  as  it  will 
actually  contribute  to  the  earlier  completion  of  the  total  job.  There 
is  nothing  to  be  gained  by  using  a  priority  to  advance  the  completion 
of  a  turbine  rotor  that  cannot,  in  any  case,  be  assembled  and  delivered 
until  weeks  later  when  a  housing  casting  has  been  completed.  In  fact, 
if  machining  capacity  can  be  used  instead  to  produce  a  rotor  for  lower 
priority  turbines  that  can  be  assembled  and  delivered  at  once,  there 
is  an  actual  loss  in  making  the  higher  priority  rotor  first.  Although 
unproven,  mathematical  logic  appears  to  have  potential  application 
to  this  type  of  problem. 

TRIAL-AND-ERROR  SOLUTIONS  BY  SIMULATION 

Simulation 

Simulation  is  a  systematic  trial-and-error  procedure  for  solving 
complex  problems. 

Many  management  problems  are  so  complex  that  it  is  practically 
impossible  to  approximate  the  optimum  by  use  of  mathematical 
analysis.  Under  these  circumstances,  good  answers  often  can  be 
found  by  simulating  the  interaction  of  important  elements  of  the 
problem.  Simulation  offers  the  possibility  of  comparing  many  alter- 
native courses  of  action  and  of  assessing  the  profit  significance  of 
events  over  which  management  will  have  no  control. 

In  one  sense,  there  is  nothing  new  about  simulation.  A  corporate 
planner  who  sets  forth  half  a  dozen  alternative  investment  schemes, 
together  with  the  costs  and  expected  return  from  each,  is  simulating 
each  alternative  so  that  his  board  of  directors  can  judge  their  rela- 
tive merits.  But  the  new  mathematical  tools,  together  with  high- 
speed computers,  extend  tremendously  the  capabilities  of  simulation 
processes. 

*  S.  B.  Akers,  Jr.,  and  J.  Friedman,  "A  Non-numerical  Approach  to 
Production  Scheduling  Problems,"  journal  of  the  Operations  Research 
Society  of  America,  Vol.  3,  No.  4,  pp.  429-442.  November  1955. 
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Example:  Assessing  Risks  in  a  Construction  Bid 

An  example  may  be  the  best  way  to  illustrate  the  capabilities,  as 
well  as  the  limitations,  of  modern  simulation  technique.  A  construc- 
tion firm  is  considering  making  a  bid  on  a  potentially  highly  profit- 
able contract.  The  bid  request  stipulates  a  high  penalty  for  comple- 
tion later  than  a  specified  date.  The  penalty  is  such  that  a  delay  of  a 
month  or  more  will  not  only  eliminate  the  expected  profit  on  the  job, 
but  will  seriously  cut  into  the  construction  company's  working  capi- 
tal. The  president  must  assess  the  risks  he  would  be  running  before 
he  puts  in  a  bid. 

Simulation  provides  one  means  of  assessing  these  risks.  A  first 
step  is  to  list  the  various  contingencies  that  may  occur.  The  schedule 
for  each  phase  of  the  job  is  subject  to  a  large  number  of  unpredict- 
able occurrences.  In  some  cases,  these  events  may  delay  the  job;  in 
others,  they  may  speed  up  the  job  and  thus  counteract  the  effects  of 
other  delays.  In  still  other  cases,  a  delay  in  one  factor  may  make 
little  or  no  difference  in  the  final  completion  date  because  other  delays 
have  already  occurred.  For  example,  delivery  of  pipe  a  week  late 
might,  in  one  case,  cause  no  additional  delay  because  bad  weather 
had  already  slowed  down  the  job  by  two  weeks.  In  another  case,  the 
same  delay  of  pipe  might  slow  down  the  job  because  the  period  of 
bad  weather  occurs  after  the  delivery  of  pipe  rather  than  before. 

It  is  thus  apparent  that  simply  adding  up  the  probable  delays,  and 
offsetting  them  against  time  saved  in  other  phases  of  the  job,  will 
not  suffice.  Equally,  an  exact  mathematical  solution  will  probably  be 
impossible  because  of  the  complexity  of  the  problem,  and  because 
many  of  the  individual  factors  will  not  vary  according  to  simple 
mathematical  formulas.  In  other  words,  the  probabilities  of  different 
outcomes  of  an  unpredictable  factor  cannot  be  described  in  mathe- 
matical expressions  that  can  be  solved  easily.  But  a  close  estimate  of 
the  chances  of  late  completion  can  be  made  by  simulating  the  actual 
construction  schedule  under  different  combinations  of  the  unpredict- 
able factors. 

A.  Defining  variable  factors:  Some  of  the  more  important  factors 
that  are  subject  to  unpredictable  variations  are: 

1.  Weather 

2.  Strikes  on  the  job 

3.  Strikes  in  suppliers'  plants,  such  as  cement  and  steel  manufac- 
turers 
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4.  Other  delays  (or  advances)  in  delivery  of  materials 

5.  Failure  of  one  or  more  purchased  materials  to  pass  inspection 
after  it  has  been  delivered  to  the  site 

6.  Unexpected  trouble  (or  unexpected  ease)  in  excavation  due  to 
unknown  geological  structures 

7.  Variations  in  actual  work  schedules  from  plan  due  to  estimating 
errors 

8.  Variations  from  plan  in  the  rate  at  which  construction  labor  is 
recruited. 

B.  Estimating  probability :  A  next  task  is  to  form  some  estimate 
of  the  distribution  of  the  probabilities  of  different  outcomes  for  each 
of  these  unpredictable  events.  The  probability  of  bad  weather  on  any 
day,  or  sequence  of  days,  can  best  be  ascertained  by  obtaining 
weather  records  for  the  last  twenty  or  thirty  years,  or  more  if 
possible. 

The  probabilities  of  strikes  on  the  job  or  in  suppliers'  plants  prob- 
ably have  to  be  constructed  in  part  from  past  records,  and  in  part 
from  the  judgment  of  several  informed  people,  such  as  labor  report- 
ers, mediators,  and  industrial  relations  supervisors.  Obviously  the 
time  of  contract  renewal,  economic  conditions,  and  the  attitude  of 
both  management  and  labor  leadership  will  be  important  factors. 

At  this  point  it  might  be  argued  that  this  is  nothing  more  than 
dressing  up  intuitive  judgment,  but  the  simulation  process  provides 
a  way  of  fitting  into  the  over-all  solution,  in  a  systematic  way,  the 
individual  elements  of  judgment,  as  well  as  those  factors,  such  as 
probability  of  rain,  which  can  be  measured  by  objective  means. 

The  probability  of  inspection  troubles,  the  probability  of  varia- 
tion from  plan  in  the  work  schedules,  and  variations  in  the  dates  of 
delivery  of  supplies  can  be  estimated  by  examination  of  past  records 
of  the  company  in  respect  to  these  variances. 

C.  Forecasting  the  effect  of  variables:  The  next  task  is  to  estimate 
the  effects  of  these  events  on  the  progress  of  construction.  Take 
weather,  for  example.  Examination  of  past  rainfall  records  in  rela- 
tion to  construction  records  on  previous  jobs  might  show  that,  during 
the  excavation  stage,  rain  had  the  following  effects: 

1/4"  to  1"  during  any  day  would  halt  work  for  the  day. 
1"  to  2"  during  any  one-  or  two-day  period  would  halt  work 
for  three  days. 

2"  to  4"  during  any  period  of  one  to  three  days  would  halt 
work  for  five  days  .  .  .  etc. 
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After  excavation  had  been  completed  and  footings  poured,  the 
effects  of  rain  would  have  a  different  set  of  values;  and  after  the 
structure  was  closed  in,  rain  would  have  no  significant  effect. 

A  similar  table  covering  the  effects  of  frost  would  also  be  required. 
Temperature  records  would  be  converted  to  expected  inches  of  frozen 
ground,  It  might  be,  for  example,  that  according  to  the  past  records 
of  the  company,  two  to  four  inches  of  frost  slows  excavation  by  10 
per  cent;  four  to  ten  inches  results  in  a  30  per  cent  reduction;  and, 
with  more  than  ten  inches,  excavation  work  ceases. 

D.  Defining  manpower  capacity  and  delivery  requirements :  Next, 
a  complete  schedule  of  construction  is  prepared,  showing  the  number 
of  man-days  and  machine-days  required  for  each  phase  of  the  job. 
Required  delivery  dates  for  materials  and  supplies  are  also  specified, 
and  lead-times  on  ordering  are  calculated. 

E.  Simulating  progress  in  construction:  The  actual  simulation  can 
be  done  with  clerks  and  desk  calculators  or  with  high-speed  com- 
puters. The  advantage  of  the  computer  is  that,  once  the  problem  is 
set  up  and  programed  for  the  computer,  a  large  number  of  runs  can 
be  made  for  very  little  additional  cost.  Assume  that  in  this  case  a 
computer  is  used. 

A  first  step  is  for  the  computer  to  select,  at  random,  the  weather 
records  for  one  of  the  previous  years.  The  computer  does  this  in 
much  the  same  way  that  one  selects  one  slip  of  paper  from  a  jar 
containing  slips  on  which  were  written  the  weather  records  for  all 
years  for  which  records  were  available. 

Orders  for  supplies  are  next  "placed"  on  the  days  specified  in  the 
plans.  Actual  deliveries  are  calculated  by  taking  the  scheduled  deliv- 
ery time,  and  adding  or  subtracting  the  variation  selected  randomly 
from  the  probability  distribution  stored  in  the  computer.  In  this  case, 
the  computer  selects  at  random  one  value  for  each  variation  from  a 
weighted  distribution.  For  example,  if  the  probability  that  a  steel 
order  will  be  delivered  on  time  is  0.41  (meaning  forty-one  times  out 
of  a  hundred  it  will  be  delivered  on  time),  that  it  will  be  one  week 
early  is  .05,  and  that  it  will  be  one  week  late  is  0.15,  the  computer 
will  do  the  equivalent  of  drawing  at  random  one  slip  of  paper  from 
a  jar  in  which  there  are  41  marked  "on  time,"  5  marked  "one  week 
early,"  and  15  marked  "one  week  late." 

In  a  similar  fashion,  the  computer  will  begin  to  calculate  the 
successive  phases  of  actual  construction.  If  labor  recruiting  is  slow, 
and  if  there  is  an  excessive  breakdown  of  earth-moving  equip- 
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ment,  the  excavation  will  be  slowed  down  correspondingly.  Similarly, 
wet  weather,  as  indicated  by  the  weather-record  selector,  will  delay 
excavation. 

If  excavation  is  delayed  into  the  winter  season,  it  may  be  that  an 
early  frost  will  further  slow  the  work.  In  contrast,  an  exceptionally 
late  freezing  of  the  ground  will  allow  excavation  delays  to  be  made 
up  for  during  the  time  the  ground  is  normally  frozen. 

In  this  manner,  the  computer  completes  its  simulation  of  the  entire 
job — using  both  the  initial  planning  figures  and  the  modifications  of 
these  figures  in  accordance  with  randomly  selected  values  represent- 
ing the  relative  probabilities  of  alternative  outcomes.  The  final  prod- 
uct will  be  a  simulated  actual  completion  date.  The  entire  process  is 
now  repeated  many  times.  And,  of  course,  each  time  specific  values 
for  each  variable  are  reselected  from  the  probability  distributions. 
The  results  are  next  plotted,  as  shown  in  Figure  6,  according  to  the 
degrees  of  variation  between  the  simulated  completion  dates  and  the 
planned  completion  date. 

Fig.  6 


Feb.  Mar.  Mar.  Mar.  Mar.  Mar.  Apr.  Apr.  Apr.  Apr.  May  May  May 
22      I      8     15     22    29      5       12    19     26     3    10  17 


F.  Interpreting  the  results:  Figure  6  shows  that  in  a  total  of  51 
simulations  runs,  one  completion  was  three  weeks  early,  three  were 
two  weeks  early,  seven  were  one  week  early,  etc. 

On  the  basis  of  51  runs,  the  following  estimates  can  be  made: 

1.  The  probability  of  being  ahead  of  schedule  is  11/51  or  0.22 

2.  The  probability  of  being  on  schedule  is  9/51  or  0.17. 

3.  The  probability  of  being  behind  schedule  is  31/51  or  0.61 

4.  The  most  probable  completion  date  is  March  22 

5.  There  is  a  probability  of  8/53  or  0.15  that  the  job  will  not  be 
completed  until  after  the  penalty  date. 
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The  simulation  model  can  also  be  used  to  test  the  probable  effects 
of  other  factors,  such  as  strikes,  which  cannot  be  measured  even  as 
probabilities.  For  example,  the  probable  effect  of  a  possible  strike 
in  one  of  the  suppliers'  plants  can  be  measured  by  changing  the  com- 
puter program  to  delay  the  delivery  of  the  material  by  periods  of 
varying  lengths.  By  making  several  re-runs  with  each  alternative 
strike  assumption,  one  can  form  a  good  estimate  of  the  probable 
effects  of  a  strike  of  the  assumed  duration.  Although  the  model  can- 
not predict  the  probability  of  the  strike,  it  can  measure  the  probable 
effects  of  an  assumed  strike.  In  the  light  of  these  probable  effects, 
management  can,  at  this  point,  determine  whether  or  not  the  dangers 
posed  by  the  threat  of  a  strike  are  sufficient  to  cause  a  change  in  its 
decision  to  submit  a  bid. 

The  contractor  may  conclude  that  the  indicated  risk  of  penalty  is 
satisfactory — or  that  it  is  too  great.  A  further  calculation  could  be 
made,  which  would  compare  the  probabilities  and  costs  of  late  com- 
pletion with  the  probabilities  and  profits  of  completion  on  or  before 
the  penalty  date.  But  such  a  calculation  would  be  an  aid  to  judgment 
only.  The  contractor  would  also  have  to  consider  what  intangible 
effect  a  failure  to  meet  the  penalty  date  would  have  on  his  reputa- 
tion, on  his  cash  position,  and  on  his  credit. 

If  he  decided  that  the  indicated  risk  was  too  great,  he  might  next 
modify  his  simulation  model  by  moving  forward  certain  starting 
dates,  by  recruiting  additional  labor,  by  assigning  additional  equip- 
ment, or  by  stockpiling  critical  supplies.  He  could  then  re-run  the 
simulation  to  see  whether  the  risk  had  been  brought  down  to  an 
acceptable  level. 

Potential  Uses  of  Simulation 

There  is  a  broad  range  of  potential  applications  of  simulation  to 
management  problems.  These  include : 

1.  Scheduling  a  large  job  shop 

2.  Scheduling  the  movement  of  ships,  railway  cars,  trucks,  air- 
craft, or  combinations  thereof 

3.  Planning  for  a  new-model  change-over  on  an  assembly  line 

4.  Developing  long-range  plans  and  checking  their  adequacy  to 
meet  a  variety  of  alternative  economic  and  market  conditions 

5.  Testing  the  effectiveness  of  various  alternative  means  of  adjust- 
ing production  and  inventory  levels  to  changes  in  sales 

6.  Evaluating  the  effect  of  time-lags  in  a  reporting  system  on  the 
decision-making  process 
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7.  Developing  the  optimum  combination  of  distribution  facilities 
and  inventory  policies 

8.  Finding  the  optimum  program  for  maintenance  of  equipment 
In  the  bidding  example  used  above,  time  was  the  key  factor  being 

measured..  It  is  equally  possible  to  use  simulation  for  evaluating  results 
in  terms  of  costs,  efficiency,  earnings,  share  of  the  market,  or  any 
other  criterion  or  set  of  criteria.  With  simulation,  it  is  possible  to  use 
several  criteria  simultaneously  without  having,  at  the  outset,  to  relate 
them  quantitatively. 

Limitations  of  Simulation 

The  following  are  the  principal  limitations  on  the  use  of  simula- 
tion: 

1.  It  may  not  be  possible  to  describe  the  interaction  of  the  various 
parts  of  the  problem  with  sufficient  accuracy  to  make  the  answer 
significantly  better  than  one  derived  from  experienced  judgment. 

2.  The  costs  of  data  collection,  computer  programing,  and  com- 
puter operation  are  substantial;  and  the  potential  saving  must  be 
sufficiently  attractive  to  justify  the  expense.  It  seems  almost  certain, 
however,  that  as  further  experience  is  gained  in  computer  simula- 
tion, computer  programing  techniques  will  be  substantially  improved; 
as  a  result,  the  costs  of  building  simulation  models  should  decline.* 

3.  Construction  of  the  model  takes  time;  therefore  simulation  can- 
not be  applied  to  crash  programs.  On  the  other  hand,  once  a  model 
has  been  constructed,  it  often  can  be  modified  with  relative  ease  and 
speed  to  solve  problems  created  by  new  and  unexpected  situations. 

Advantages  of  Simulation 

The  major  advantages  of  simulation,  when  it  is  carried  out  with 
electronic  computers,  are: 

1.  The  ability  to  handle  uncertainty  by  means  of  probability 
analysis. 

2.  The  ability  to  handle  very  complex  problems  and  to  find  either 
the  precisely  or  the  approximately  best  answers. 

3.  The  ability  to  analyze — at  least  to  some  extent — the  implica- 
tions of  competitive  situations  and  the  relative  merits  of  alternative 
strategies. 

*  Since  this  was  written  H.  M.  Markewitz,  of  the  RAND  Corporation, 
has  developed  a  special  computer  language  for  preparing  computer  pro- 
grams for  simulating  problems. 
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4.  The  ability,  through  computers,  to  try  out  literally  hundreds  of 
alternative  assumptions,  strategies,  and  decision  rules. 

5.  A  limited  ability  to  evaluate  risk. 

6.  The  ability  to  analyze  dynamic  situations  in  which  each  deci- 
sion sets  the  conditions  under  which  the  following  decisions  must 
be  made. 

7.  The  ability  to  analyze  the  effects  of  time-lags  in  actual  decision 
processes. 

8.  The  ability  to  make  "sensitivity  analyses"  by  means  of  which 
one  can  determine  whether  a  small  change  in  a  single  factor  will 
result  in  a  major  or  a  minor  change  in  the  outcome.  If  the  former, 
the  simulation  model  can  show  the  degree  to  which  the  critical  factor 
must  be  controlled  to  avoid  violent  fluctuations. 

9.  The  ability  to  analyze  quickly  new  and  unexpected  situations 
so  that  decisions  to  take  advantage  of  opportunities  can  be  made 
promptly. 

Finally,  the  great  advantage  of  simulation  is  that  it  is  not  restricted 
by  the  requirement  that  the  model  be  solvable  mathematically.  It  is 
this  requirement  that  today  places  the  ceiling  on  the  usefulness  of 
many  of  the  strictly  mathematical  solutions  to  management  problems 
— by  forcing  the  analyst  to  depart  from  a  realistic  and  accurate  model 
in  order  to  make  a  mathematical  solution  possible. 

Monte  Carlo  Technique 

The  Monte  Carlo  technique  is  a  form  of  simulation  that  provides 
experimental,  as  contrasted  to  theoretical,  answers  to  problems  in- 
volving the  complex  interaction  of  many  random  events.  It  often 
can  be  a  useful  element  in  a  simulation  solution. 

Many  management  problems  involve  events  whose  occurrence  can 
only  be  predicted  as  probabilities.  These  problems  may  be  solved 
rigorously  by  mathematical  means  or,  alternatively,  by  a  form  of 
simulation  called  the  Monte  Carlo  technique.  In  developing  the  prob- 
ability distribution  of  an  event,  which  is  a  mathematical  statement 
of  the  relative  probabilities  of  each  alternative  outcome,  a  statistician 
will  examine  the  available  data  on  past  occurrences  of  the  event  to 
see  whether  one  of  the  standard  probability-distribution  curves  can 
be  used  as  an  accurate  approximation.  In  doing  this,  he  will  apply  a 
variety  of  mathematical  tests,  from  which  he  will  conclude  that  a 
given  mathematical  expression  can  or  cannot  be  used  to  represent  the 
probabilities.  If  it  cannot,  he  will  have  to  use  the  nonstandard  prob- 
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ability  distribution  as  best  he  can.  Usually  this  will  mean  that  his 
calculations  from  here  on  will  be  considerably  more  tedious  than  if 
he  had  been  able  to  use  a  standard  formula. 

Moreover,  most  management  problems  in  which  uncertainty  is 
present  involve  the  interaction  of  several  random  events,  and  it  is 
necessary  to  calculate  the  probability  of  each  of  the  different  out- 
comes arising  out  of  these  interactions.  It  is  in  such  problems  that 
the  Monte  Carlo  technique  is  useful.  An  example  of  this  kind  of 
problem  can  be  found  in  the  sugar  cane  industry. 

Assessing  Uncertainty  by  Theoretical  Methods 

A  grower  must  decide  how  much  cane  he  will  plant  each  year  in 
order  to  meet  a  fixed  quota  of  sugar  deliveries.  Unlike  most  crops, 
sugar  cane  takes  two  full  years  to  mature;  and,  as  there  are  substan- 
tial variations  between  planned  and  actual  production  owing  to  differ- 
ences in  rainfall  and  temperature  from-  year  to  year,  a  safety  stock 
is  carried  over  from  year  to  year  in/  order  to  meet  the  fixed  delivery 
schedules.  This  carry-over  stock  is  also  required  to  protect  deliveries 
in  the  event  that  the  start  of  the  new  harvesting  season  is  delayed  by 
bad  weather.  I 

Thus  the  decision  on  what  acreage  to  plant  in  1957  for  harvesting 
in  1959  depends  on  the  interaction  of  foi\r  unpredictable  factors: 
the  difference  between  estimated  and  actual  y^eld  of  the  cane  planted 
in  1955  and  harvested  in  1957;  the  difference  between  estimated  and 
actual  yield  of  the  cane  planted  in  1956  for  harvest  in  1958;  the 
variation  from  estimate  in  the  1959  harvest  of  cane  to  be  planted  in 
1957;  and  finally  the  probability  that  the  start  of  the  1960  harvest 
will  be  delayed  by  weather. 

The  first  step  in  the  solution  of  this  problem  by  mathematical 
means  would  be  to  study  past  records  to  see  what  the  nature  of  each 
of  the  variances  might  be.  If  it  appeared  that  they  could  be  repre- 
sented by  standard  equations,  the  combining  of  the  individual  prob- 
ability distributions  could  be  handled  mathematically,  to  provide 
the  probability  for  each  alternative  outcome  in  1960.  The  answer 
might  be  stated  as  follows:  For  a  specific  acreage  planted  in  1957, 
and  taking  into  consideration  the  probabilities  of  variances  in  the 
yields  of  1957,  1958,  and  1959,  plus  the  probability  of  a  late  season 
in  1960: 

The  probability  of  a  20,000-30,000  ton  overage  is  3%. 
The  probability  of  a  10,000-20,000  ton  overage  is  15%. 
The  probability  of  a  0-10,000  ton  overage  is  25%. 
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The  probability  of  a  0-10,000  ton  shortage  is  30%. 

The  probability  of  a  10,000-20,000  ton  shortage  is  20%. 

The  probability  of  a  20,000-30,000  ton  shortage  is  7%. 

With  this  information,  and  with  information  on  the  costs  of  carry- 
ing an  overage  into  the  next  year,  as  well  as  the  costs  of  failing  to 
meet  the  quota,  it  is  possible  to  determine  that  acreage  to  plant  in 
1957  which  will  minimize  the  total  expected  costs  arising  out  of  the 
variation  of  each  of  the  harvests  from  plan. 

If,  in  this  problem,  the  statistical  analyst  concluded  that  he  could 
not  safely  represent  the  actual  probabilities  by  one  of  the  standard 
distributions,  he  would  be  faced  with  a  substantially  increased  com- 
putational problem.  Provided  the  number  of  alternatives  considered 
for  each  variable  were  sufficient  to  yield  a  usable  answer,  something 
in  the  order  of  250,000  separate  calculations  might  be  required. 

Assessing  Uncertainty  by  Monte  Carlo  Simulation 

Monte  Carlo  techniques  would  offer  the  opportunity  to  greatly 
reduce  the  computational  work  in  solving  this  crop  problem,  without 
significantly  detracting  from  the  validity  of  the  solution.  If  the  Monte 
Carlo  technique  is  applied  in  this  case,  four  groups  of  100  cards 
each  are  prepared  representing  each  of  the  four  probability  distribu- 
tions. For  example,  if  the  probability  is  3  per  cent  that  the  1957 
production  will  be  between  20,000  and  25,000  tons  short  of  plan, 
and  10  per  cent  that  it  will  be  between  5,000  and  10,000  tons  short, 
three  cards  marked  — 22,500  (the  mid-point  of  the  first  class)  and 
ten  cards  marked  — 7,500  (the  mid-point  of  the  second  class)  are 
put  in  a  deck  together  with  cards  representing  all  the  other  possibili- 
ties for  the  1957  season.  Each  of  the  four  decks  is  thus  made  up  of 
cards  representing  the  relative  probability  of  each  of  the  possible 
outcomes  for  each  year.  With  the  decks,  after  shuffling,  representing 
each  of  the  four  years  face  down,  one  draws  one  card  at  random 
from  each,  and  adds  up  the  total  of  the  four  cards  drawn.  The  result 
might  be  this: 


Card  drawn 


1957  season 

1958  season 

1959  season 

1960  season 


7,500 
-12,500  (shortage) 


2,500 
7,500 


T^tal     5,000  (overage) 
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This  process,  which  simulates  a  single  possible  sequence  of  seasons, 
is  repeated  until  a  sufficient  record  is  built  up  to  give  a  good  approxi- 
mation of  the  relative  probability  of  each  total  outcome.  The  plotted 
results  look  like  this: 


1 


25 
20 
15 
10 


%  Shortage  %  Overage 

-27.5  -22.5  -17.5    -12.5  -7.5  -2.5  +2.5  +7.5    +12.5   +175  +22.5  +27.5 


A  curve  is  next  drawn  to  smooth  out  the  individual  points.  The 
relative  probability  of  each  degree  of  shortage  or  overage  is  now 
found  by  measuring  the  height  of  the  curve  at  that  point.  As  before, 
the  optimum  acreage  to  plant  will  be  that  acreage  which  will  mini- 
mize the  probable  costs  of  overage  and  shortage  in  1960. 

A  final  part  of  the  problem  would  be  to  estimate  the  number  of 
runs  necessary  to  give  the  degree  of  reliability  required  of  the 
answer.  Although  techniques  now  exist  for  such  estimates,  further 
research  work  probably  is  needed  to  find  more  efficient  ways  of  lay- 
ing out  the  sequence  of  runs,  and  of  evaluating  the  probable  error 
in  the  results. 

If  the  problem  were  big  enough,  or  if  it  were  part  of  a  larger 
problem,  it  would  probably  pay  to  use  a  computer.  In  this  case,  the 
computer  would,  in  essence,  duplicate  the  random  drawing  of  cards 
as  outlined  above,  except  that  it  would  operate  thousands  of  times 
faster  than  would  a  human  being. 

Advantages  and  Limitations  of  Monte  Carlo  Technique 

The  Monte  Carlo  technique  can  be  applied  to  many  types  of  prob- 
lems. Complicated  queuing  or  waiting-line  problems  often  can  be 
solved  more  easily  by  this  means  than  by  mathematical  means.  Trans- 
portation, production,  inventory,  and  distribution  problems  usually 
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have  random  factors  that  are  too  complicated  for  formal  mathemati- 
cal treatment,  even  when  the  individual  probabilities  can  be  ade- 
quately represented  by  standard  probability  equations. 

One  possible  disadvantage  of  the  Monte  Carlo  method  is  that  its 
accuracy  is  limited,  by  practical  considerations,  to  two  places.  This 
disadvantage  is  more  theoretical  than  practical,  however,  because  in 
most  management  problems  this  degree  of  accuracy  is  not  only 
sufficient,  but  is  equal  to  the  accuracy  of  at  least  some  of  the  original 
data. 

Operational  Gaming 

In  essence,  operational  gaming  is  a  form  of  simulation  in  which 
human  decision  makers,  instead  of  computers,  are  used  to  simulate 
at  least  some  of  the  critical  elements  of  the  problem  under  study. 

The  application  of  operational  gaming  to  management  decision- 
making problems  is  an  outgrowth  of  the  development  of  war  gaming 
by  the  military  services.  During  the  past  ten  years  military  research 
organizations,  such  as  the  RAND  Corporation  (Air  Force)  and  the 
Operations  Research  Office  (Army),  have  put  substantial  resources 
in  manpower  and  money  into  the  development  of  military  games. 
These  games  are  highly  realistic  and  reproduce  a  large  number  of 
factors  that  would  enter  into  actual  military  decisions. 

Much  of  this  experience  has  practical  application  to  the  reconstruc- 
tion of  business  situations.  The  General  Electric  Company,  the  man- 
agement consulting  firms  of  McKinsey  &  Company,  Inc.,  and  Booz, 
Allen  &  Hamilton,  and  the  American  Management  Association,  among 
others,  are  experimenting  with  games  that  simulate  different  types 
of  competitive  business  situations.  The  AMA  work  is  sufficiently  ad- 
vanced to  demonstrate  that  games  can  be  constructed  to  simulate 
decision-making  processes  in  competitive  business  situations. 

The  AMA  game  is  designed  to  stimulate  and  improve  decision- 
making skills  of  the  individual  executive.  The  General  Electric  game 
is  designed  to  demonstrate  to  middle  levels  of  production  manage- 
ment the  advantages  of  new  mathematical  decision  rules  developed 
to  improve  production  scheduling.  The  McKinsey  work  is  directed 
primarily  towards  the  problems  of  the  organization  of  management  to 
compete  more  effectively  and  to  adapt  more  rapidly  to  new  situations. 

Elements  of  a  Typical  Game 

In  the  AMA  game,  two  or  more  teams,  representing  separate  firms, 
compete  in  the  same  market.  At  the  beginning  of  each  game,  each 
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team  is  given  equal  assets  in  cash,  productive  capacity,  and  inven- 
tory, and  a  starting  share  of  the  market.  Each  team  is  then  required 
to  make  a  series  of  decisions  covering  the  next  operational  period 
of  three  months.  These  decisions  include: 

1.  Quantity  of  product  to  be  manufactured  during  period 

2.  Plant  expansion  (if  any)  to  be  started  during  period 

3.  Marketing  expenditures 

4.  Research  and  development  expenditures 

5.  Price  to  be  set  on  product 

6.  Excess  capacity,  if  any,  to  be  liquidated  (at  a  fraction  of  initial 
cost) 

7.  Market  information  to  be  purchased  (here  a  half  dozen  items, 
such  as  competitors'  expenditures  on  research  and  development,  are 
available  for  a  price) 

The  decisions  made  by  each  of  the  teams  are  next  given  to  referees, 
who  then  determine  the  number  of  units  actually  sold  by  each  team 
during  the  period.  AMA  uses  a  computer  that  has  been  previously 
programed  to  simulate  the  market.  The  nature  of  the  market  is 
specified  by  the  rules  of  the  game  so  that  for  any  set  of  price,  pro- 
duction, and  marketing  decisions  by  the  teams,  both  the  total  sales 
during  the  period  and  the  sales  of  each  competitor  can  be  calculated. 
The  players,  obviously,  are  not  told  the  exact  nature  of  these  rules 
for  determining  total  market  and  shares  of  the  market,  but  must 
deduce  them  from  experience  in  playing.  The  game  rules  also  pro- 
vide that  the  costs  to  a  team  of  increasing  its  share  of  the  market, 
in  terms  both  of  price  concessions  and  marketing  costs,  will,  at  some 
point,  begin  to  rise  much  more  rapidly  than  will  the  resulting  increase 
in  sales  income.  For  example,  if  the  costs  of  increasing  one's  share 
of  the  market  by  2  per  cent  were  $300,000,  the  cost  of  a  4  per  cent 
increase  might  be  $1,200,000. 

In  addition,  certain  constraints  are  placed  on  the  range  of  possible 
decisions.  For  example,  the  rate  of  investment  in  new  plants  cannot 
be  changed  more  than  plus  or  minus  15  per  cent  from  one  quarter  to 
the  next.  Production,  insofar  as  it  is  below  capacity,  cannot  be  in- 
creased more  than  4  per  cent  a  quarter,  nor  can  it  be  reduced  more 
than  10  per  cent  a  quarter.  Price  cannot  be  varied  more  than  10  per 
cent  a  quarter.  The  purpose  of  these  limitations  is  to  prevent  the 
teams  from  making  unrealistically  violent  shifts  in  operating  levels. 

When  the  sales  of  each  team  have  been  determined,  a  simplified 
statement  for  each  can  be  prepared  which  will  show  cash,  inventory, 
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and  plant  as  of  the  end  of  the  period.  This  statement  then  becomes 
the  basis  for  the  next  round  of  decisions  by  the  players.  The  game 
may  be  continued  for  any  number  of  periods. 

In  order  to  simulate  actual  conditions,  the  market  used  in  the  game 
may  have  a  long-term  growth  trend,  a  mid-term  cyclical  pattern,  and 
short-term  fluctuations  of  purely  random  character.  As  in  real  life, 
some  combinations  of  production,  price,  and  marketing  policies  will 
produce  greater  earnings  than  others.  And  as  in  real  life,  earnings 
will  depend  in  part  on  the  decisions  of  competitors,  in  part  on  the 
market  structure,  and  in  part  on  the  internal  costs  of  the  business. 
The  skillful  team,  like  skillful  management,  will  make  its  decisions 
in  light  of  these  factors  in  a  way  which  will  maximize  long-run 
profits. 

As  in  real  life,  there  need  be  no  agreed  goals  by  which  the  winners 
and  losers  will  be  measured.  The  process  of  playing  itself  will  help 
players  to  think  through  more  carefully  the  goals  they  seek.  Share 
of  the  market,  total  assets,  and  return  on  investment  will,  of  course, 
all  be  measures  of  relative  success  or  failure. 

Gearing  Games  to  Specific  Objectives 

The  AMA  game  in  its  present  form  has  demonstrated  the  feasi- 
bility of  gaming  and  its  potential  as  a  training  tool.  Much  work  still 
needs  to  be  done,  however,  so  that  one  can  be  reasonably  sure  that 
a  game  is  in  fact  accomplishing  the  purposes  for  which  it  is  designed. 
A  game  may  emphasize  the  external  strategy  of  a  company  in  com- 
petition for  markets,  or  it  may  emphasize  the  internal  problems  of  or- 
ganization, or  both.  Individual  games  can  be  developed  to  emphasize 
one  or  more  of  a  variety  of  problems,  such  as  long-range  planning, 
finance,  competive  pricing,  marketing,  and  research  and  development. 

Also,  once  a  basic  game  has  been  set  up,  it  can  be  altered  from 
time  to  time  to  emphasize  particular  activities  and  to  reduce  the 
significance  of  others.  For  example,  a  game  might  emphasize  finan- 
cial factors,  such  as  taxes,  depletion  allowances,  equity  financing, 
interest  rates,  etc.  While  no  game  can  duplicate  differences  in  the 
abilities  of  individuals,  such  as  research  scientists,  it  can  treat  the 
development  of  new  products  as  unpredictable  random  events  for 
which  the  probability  of  occurrence  can  be  increased  by  increasing 
the  research  budget,  or  by  shifting  the  direction  of  research  pro- 
grams, and  by  raising  the  salary  levels  and  competence  of  researchers. 

Further,  it  may  be  possible  to  modify  a  game  by  replacing  one 
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or  more  of  the  teams  with  staff  players,  whose  objective  is  not  to 
win  but  to  creat  a  variety  of  situations,  such  as  price-cuting  or  credit 
expansion.  This  would  give  other  players  experience  in  coping  with 
specific  problems  that  might  or  might  not  arise  during  the  course 
of  games  played  entirely  by  competive  teams. 

Advantages  of  Gaming 

The  more  immediate  use  of  gaming  lies  in  the  field  of  executive 
development  and  training.  Because  games  are  so  absorbing,  and  be- 
cause the  lessons  learned  penetrate  deeeply  into  human  conscious- 
ness, games  appear  to  be  an  especially  effective  and  efficient  learning 
tool.  They  are  also  so  stimulating  that  most  executives  are  eager  to 
continue  to  play. 

Among  the  benefits  players  can  gain  are: 

A.  Training  in  planning:  Because  gaming  involves  a  long  series  of 
decisions  in  which  the  player  must  continue  to  live  with  his  past 
decisions,  and  because  time  is  greatly  foreshortened,  it  is  possible 
for  the  player  to  learn  the  values  of  planning  as  well  as  the  penalties 
for  operating  on  a  day-to-day  basis.  For  example,  the  team  that  fails 
to  maintain  an  adequate  research  and  development  budget  will  find 
its  market  position  slipping  over  successive  periods  of  play,  even 
though  it  is  maintaining  a  high  rate  of  marketing  expenditure.  And 
even  when  the  team  realizes  the  cause  of  its  difficulty,  it  will  have 
to  live  with  the  problem  until  the  results  of  increased  research  and 
development  expenditures  begin  to  halt  the  decline  in  its  share  of  the 
market.  During  this  period  the  plant  will  be  operating  at  a  fraction 
of  capacity,  and  cash  undoubtedly  will  be  short.  The  team  will  thus 
be  forced  to  live  within  its  resources. 

B.  Training  in  analysis  of  past  experience:  Games  may  be  designed 
to  be  played  most  successfully  by  those  who  are  able  to  analyze  past 
experience  in  order  to  find  the  critical  relationships  among  the  many 
factors  involved.  For  example,  skillful  use  of  marketing  information, 
together  with  a  limited  degree  of  experimentation  in  altering  price 
and  marketing  expenditures,  can  reveal  the  point  at  which  a  further 
decrease  in  prices  or  further  increase  in  marketing  expenditures  will 
cease  to  increase  earnings. 

C.  Training  in  recognizing  the  many  factors  that  normally  affect 
the  success  or  failure  of  management:  Often  managers  tend  to  make 
all  their  decisions  on  the  basis  of  three  or  four  favorite  factors  or 
indicators,  and  thus  tend  to  neglect  other  important  factors.  Gaming 
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demonstrates  the  penalties  for  failure  to  recognize  important  factors 
as  well  as  for  failure  to  evaluate  their  significance. 

D.  Training  in  phases  of  business  with  which  the  executive  may- 
be quite  unfamiliar :  For  example,  a  middle-level  executive  who  is  in 
line  for  a  general-management  responsibility  may  never  have  been 
outside  the  production  department.  Gaming  can  offer  an  effective  way 
to  provide,  to  some  degree,  simulated  experience  in  finance,  sales, 
market  research,  etc.  Similarly,  gaming  can  be  used  to  increase  the 
appreciation  of  executives  in  one  department  of  the  importance  of 
the  work  in  other  departments. 

In  addition,  games  can  be  designed  that  will  stress  the  problems 
of  internal  organization.  Because  of  the  pressures  of  the  game  on  the 
team  to  make  good  decisions  in  a  limited  time,  the  team  will  be 
forced  to  organize  itself  effectively  if  it  is  to  win.  Because  of  the 
greatly  foreshortened  time  scale,  a  team  may  go  through  several 
different  periods  in  which  the  marketing  and  competitive  conditions 
change  significantly.  Under  such  conditions  the  team,  to  be  success- 
ful, must  be  able  to  modify  its  organization  rapidly  to  meet  each 
new  set  of  conditions. 

Finally,  while  games  cannot  be  used  directly  as  a  means  of  devel- 
oping an  optimum  long-range  plan,  they  may  be  helpful  in  gaining 
insights  into  problems  that  lie  ahead.  For  example,  many  industries, 
such  as  television  manufacturing,  pass  through  the  successive  states 
of  rapid  expansion  of  markets;  a  subsequent  leveling  off  of  the 
market  accompanied  by  overproduction ;  a  period  of  shakeout  accom- 
panied by  failures,  mergers,  and  integration  of  production;  and, 
finally,  maturity  for  those  who  survive.  During  the  initial  period, 
when  markets  are  growing  rapidly,  the  company  executives  will  be 
aggressive.  They  will  concentrate  on  rapid  expansion  of  production, 
expansion  into  new  markets  and  areas — financing  the  expansion  any 
way  they  can.  They  will  tend  to  regard  costs  as  secondary,  and  many 
will  probably  regard  continuing  rapid  expansion  as  an  unchanging 
way  of  life. 

In  such  situations,  operational  gaming  may  become  a  very  valuable 
tool  to  provide  vicariously  the  shocks  and  lessons  of  overexpansion, 
of  excessive  costs  and  unsound  financing,  and  finally  of  the  shakeout. 
A  game  could  be  constructed  in  which  the  teams  were  faced  with  the 
temptations  of  a  seemingly  endlessly  expanding  market  and  in  which 
they  subsequently  would,  as  a  result  of  their  own  past  decisions,  be 
faced  with  reduced  profit  margins,  overcapacity,  and  high  fixed  costs, 
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and  would  have  to  live  with  their  mistakes.  In  general,  operational 
gaming  is  potentially  a  useful  device  for  making  executives  aware 
of  the  possible  ultimate  implications  of  past  decisions  that  cannot  be 
undone. 

Limitations  of  Gaming 

Gaming  has  at  least  two  potential  weaknesses: 

1.  The  necessary  compression  of  time  may  warp  the  game  as  a 
reflection  of  reality.  For  example,  when  decisions  that  are  usually 
made  over  a  period  of  three  months  are  compressed  into  fifteen 
minutes,  the  decision  maker  no  longer  has  the  time  for  considered 
analysis  of  his  problem.  This  shortcoming  probably  can  be  allevi- 
ated by  spacing  the  periods  of  play  over  a  period  of  days  or  weeks 
so  that  only  a  few  minutes  a  day  (or  half  a  day  each  week)  are 
devoted  to  the  game. 

2.  Players  may  attempt  to  transfer  directly  to  their  business  those 
specific  decision-making  strategies  they  have  found  to  be  successful 
in  a  game.  At  this  stage  it  is  probably  impossible  to  devise  a  game 
so  close  to  reality,  yet  simple  enough  to  play,  that  a  successful  game 
strategy  can  be  transferred  unaltered  to  actual  problems.  But  this 
danger  can  be  overcome  by  deliberately  adjusting  the  game  from 
one  play  to  the  next  so  that  the  player  is  confronted  with  constantly 
changing  circumstances  that  he  must  correctly  diagnose  and  react  to. 

The  game  probably  cannot  reveal  anything  that  has  not  consciously 
been  built  into  it.  Hence  it  may  turn  out  that  the  experience  of  con- 
structing a  game  is  the  most  valuable  product.  For,  if  a  game  is 
patterned  on  a  specific  industry,  then  the  nature  of  the  industry,  its 
markets,  and  its  relation  to  the  general  economy,  as  well  as  the  com- 
pany's internal  cost  structure,  must  be  built  into  the  game.  Thus  the 
builder  of  the  game  must,  necessarily,  incorporate  the  key  factors 
of  success  in  his  industry  if  the  game  is  to  be  useful. 

In  summary,  operational  gaming  must  be  viewed  as  still  in  the 
experimental  stage.  It  is  easy  enough  to  construct  a  management 
game  that  is  fascinating  to  play,  but  it  is  considerably  more  difficult 
to  construct  a  game  in  which  the  experiences  gained  in  playing  will 
contribute  to  the  ability  of  executives  to  manage  their  corporations 
more  successfully.  Corporations  with  substantial  research  programs 
should  find  in  operational  gaming  an  area  of  research  that  gives  the 
possibility  of  a  return  at  least  comparable  to  the  return  on  their 
investment  for  product  research  and  development.  But  it  is  impor- 
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tant  that  companies  going  into  gaming  regard  it  as  research,  with 
all  the  attendant  risks  of  failure,  and  not  yet  as  a  proven  tool  of 
management. 

Systems  Analysis 

A  major  objective  in  the  use  of  mathematical  analysis  is  the 
application  of  its  many  techniques  to  the  over-all  problems  of  man- 
agement. Such  application  of  analytic  tools  to  broad  technical  and 
organizational  systems  has  come  to  be  termed  "systems  analysis." 

A  "system,"  in  this  context,  can  be  defined  as  any  complex  of 
interrelated  activities  that  must  be  closely  coordinated  if  efficiency 
is  to  be  realized.  The  production,  refining,  transportation,  storage, 
and  distribution  activities  of  a  major  petroleum  company,  for  exam- 
ple, constitute  such  a  system,  because  all  these  activities  must  be  run 
as  a  single  system  if  the  company  as  a  whole  is  to  operate  most 
efficiently.  McKinsey  &  Company,  Inc.,  has  recently  made  a  major 
study  of  a  system  in  which  raw  materials  are  reproduced  at  several 
locations  abroad,  partially  refined  at  foreign  ports,  stored,  shipped 
to  mainland  refineries,  stored  again,  refined,  and  finally  distributed. 
In  this  case,  the  components  of  the  system  are  so  directly  related  to 
one  another  that  a  reduction  in  the  operating  costs  of  one  activity 
often  raises  costs  of  other  activities.  It  was  therefore  the  purpose 
of  his  study  to  optimize  the  over-all  operating  efficiency  in  such  a 
way  that  maximum  total  savings  were  realized,  even  if  this  resulted 
in  increased  costs  on  some  of  the  components. 

If  an  analytical  model  or  framework  can  be  constructed  that  em- 
braces most  of  the  principal  physical  and  financial  elements  of  corpo- 
rate activity,  it  is  possible  in  many  cases  to  approximate  closely  the 
best  combination  of  all  of  these  factors  affecting  the  success  of  the 
enterprise.  These  include,  for  example,  price  policy,  production  and 
inventory  programs,  distribution  channels,  marketing  programs,  in- 
vestment programs,  and  financial  plans. 

Difficulties  of  Simulating  a  Total  System 

The  realization  of  such  goals,  however,  will  be  conditioned  by 
several  difficulties,  although  it  should  be  possible  to  surmount  these 
obstacles  to  the  degree  necessary  to  produce  practical  results.  Some 
difficulties  that  will  be  encountered  in  building  a  workable  model  of 
the  enterprise  include  the  following: 

1.  Mathematical  models  are  at  best  imperfect  abstracts  from  real- 
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ity.  Not  only  must  the  quantifiable  relationships  be  simplified  to  be 
manageable,  but  those  elements  of  the  problem  that  cannot  be  quan- 
tified are  eliminated  entirely.  The  important  influences  of  human 
creativity  and  human  judgment  cannot  be  built  into  a  model. 

2.  Enlargement  of  the  scope  of  the  problem  increases  the  number 
of  variables  fantastically.  For  example,  a  problem  having  only  ten 
variables,  each  of  which  has  only  ten  possible  values,  produces  a 
total  of  1010  or  10,000,000,000  separate  situations  to  evaluate  and 
compare.  Actual  problems  of  top  management  contain  billions,  if  not 
decillions,  of  alternative  possibilities. 

In  part,  this  problem  of  complexity  is  being  solved  by  the  mathe- 
maticians who  are  developing  mathematical  shortcuts,  such  as  linear 
programing,  by  means  of  which  the  sequential  analysis  of  all  possi- 
ble combinations  can  be  drastically  reduced.  But  the  remainder  of 
the  problem  must  still  be  reduced  to  manageable  size. 

This  can  be  done  in  two  ways,  both  of  which  require  high  orders 
of  skill  and  judgment.  First,  those  factors  that  are  not  "important" 
to  the  problem  being  studied  can  be  dropped  out.  Second,  by  aggre- 
gation the  effects  of  several  factors  can  be  lumped  together  and  rep- 
resented by  a  single  composite  factor.  Both  of  these  processes  are 
difficult  and,  if  incorrectly  done,  can  lead  to  very  bad  results.* 

3.  No  model  can  be  more  accurate  than  its  underlying  assump- 
tions. The  more  complicated  the  model,  the  greater  the  risk  of  error 
— simply  because  the  effect  of  a  single  assumption  is  less  easily 
discernible  in  the  result. 

4.  The  selection  of  criteria  for  judging  alternatives  becomes  in- 
creasingly difficult  as  the  size  of  the  problem  increases.  The  criterion 
for  a  warehousing  problem  may  be  relatively  easy  to  define  as 
minimizing  of  the  total  costs  of  storage,  transportation,  and  lost 
sales.  The  criterion  for  judging  a  long-range  plan  is  hard  to  define. 
Is  it  share  of  the  market,  growth  of  assets,  stability  of  earnings, 
ability  to  withstand  a  depression — or  something  else?  Is  a  bold  or 
a  conservative  course  the  better? 

Advantages  of  Systems  Analysis 

In  spite  of  these  difficulties — most  of  which  arise  in  any  method  of 
analysis — systems  analysis  can  be  a  valuable  tool  for  planning  both 
long-range  action  and  current  operations.  By  defining  the  implica- 

*  See  Charles  Hitch,  the  RAND  Corporation,  Report  P-699,  20  July, 
1955. 
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tions  and  probable  outcome  of  each  alternative  course  of  action, 
systems  analysis  enables  the  executive  to  look  at  the  important  alter- 
natives— and  their  implications — and  thus  to  make  judgments  as  free 
as  possible  of  guesswork. 

A  systems  analysis  embracing  all  the  principal  activities  of  the 
enterprise,  or  a  major  part  thereof,  serves  also  to  demonstrate  the 
interrelation  of  these  activities.  A  proposal  to  improve  the  efficiency 
of  one  activity  can  be  judged  in  the  context  of  the  corporation  as  a 
whole.  For  example,  will  a  proposal  to  cut  inventories  result  in  a 
net  saving,  or  will  there  be  added  costs  of  shorter  production  runs, 
plus  costs  of  poorer  customer  service,  that  outweigh  the  inventory 
savings? 


COMPUTERS  AS  A  TOOL  IN  SOLVING  THESE  PROBLEMS 


Electronic  computation  is  often  thought  of  as  being  synonymous 
with  mathematical  analysis.  Actually,  a  computer  is  simply  the  fan- 
tastically capable  tool  of  a  skilled  problem  solver.  The  great  advan- 
tage of  the  computer  is  not  that  it  is  able  to  perform  100,000  addi- 
tions or  20,000  multiplications  a  second,  or  that  it  can  replace  the 
trained  analyst — but  that  it  can  be  instructed  to  perform  a  long 
sequence  of  operations  without  intervention  from  the  human  operator. 

If  one  were  using  a  desk  calculator  to  do  the  following  problem, 
it  would  be  necessary  to  punch  in  separately  each  number,  to  record 
each  intermediate  result  on  a  scratch  pad,  and  subsequently  to  re- 
punch  these  intermediate  numbers  back  into  the  machine. 


1.  Multiply 
by 

Record  the  answer 


2,579,803 
57,607 


(a)  148,614,711,421 


2.  Multiply 


1,760,119 
691,001 


by 


3.  Record  the  answer 


(b)  1,216,243,989,119 


4.  Compare  the  two  answers 
(a)  and  (b)  and  take  the 


larger  (b) 


(c)  1,216,243,989,119 


5.   Subtract  from  (c) 
Record  the  answer 


50,169 


(d)  1,216,243,938,950 


6.  Take  the  square  of 
Record  the  answer 


4,310 


(e) 


18,576,100 


7.  Add  (d)  and  (e) 
Record  the  answer 


1,216,262,515,050 
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The  numerical  solutions  of  mathematical  problems  often  require 
thousands  of  such  individual  steps  and.  if  a  solution  is  being  found 
by  successive  approximations,  often  require  that  entire  sequences  of 
steps  be  repeated  hundreds  of  times  in  order  to  arrive  at  an  accept- 
able approximation  of  the  true  answer. 

Such  processes,  if  done  by  clerk  and  calculator,  are  extremely 
difficult,  both  because  of  the  months  of  clerical  time  required  and 
because  of  the  errors  which  inevitably  would  creep  in.  A  computer, 
on  the  other  hand,  can  handle  the  entire  operation  from  start  to 
finish,  with  no  help  from  the  operator  on  intermediate  steps. 

Limitations  and  Advantages 

The  computer  cannot,  by  itself,  solve  a  problem — any  more  than 
a  number-four  iron  can  make  a  hole-in-one.  The  significance  of  com- 
puters to  management  is  that  they  provide  possibilities  of  solving 
problems  that  are  too  complex  to  solve  by  any  other  means.  The  great 
speed  of  the  computer  makes  it  possible  to  make  a  computation  in  a 
few  seconds  or  minutes,  and  then,  after  the  result  has  been  studied, 
to  repeat  the  process  under  different  assumptions  as  many  times  as 
is  necessary  to  arrive  at.  or  close  to.  an  optimum. 

The  very  existence  of  computers  has  stimulated  mathematicians 
to  find  solutions  to  problems  that,  in  the  past,  were  not  even  con- 
sidered because  of  the  impossibility  of  performing  the  necessary 
numerical  calculations.  For  example,  complex  production  and  assem- 
bly operations,  such  as  those  found  in  the  aircraft  industry,  can  be 
brought  under  considerably  more  effective  control  by  the  use  of 
computers  than  is  otherwise  possible.  A  major  reason  is  that  the  new 
techniques  of  mathematical  analysis  permit  management  to  incorpo- 
rate directly  into  an  electronic  data-processing  system  many  of  the 
decision-making  processes.  For  example,  inventory  levels  can  be 
adjusted  automatically  to  conform  to  changes  in  demand,  in  ware- 
house space,  and  in  production  levels.  Management  is  thus  freed  to 
concentrate  on  more  basic  problems  which  cannot  be  so  handled. 

In  summary,  computers  are  the  tools  that  make  today's  techniques 
of  mathematical  analysis  practical.  They  are  almost  always  required 
for  the  solution  of  problems  by  simulation.  And  they  make  possible 
the  solution  of  problems  by  such  techniques  as  linear  programing, 
which  are  usually  prohibitively  expensive  to  solve  by  other  means. 

Only  after  identifying  the  problem,  and  outlining  the  form  of  solu- 
tion sought,  however,  should  one  decide  whether  to  use  a  computer, 
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punch  cards,  or  a  scratch  pad.  Naturally,  the  form  of  the  solution  will 
be  conditioned  by  the  means  used.  The  decision  on  the  tools  to  use 
will  represent  a  balance  between  (a)  the  potential  contributions  to 
profits  of  each  alternative  approach  and  (b)  the  capabilities  and 
costs  of  the  equipment  available. 

Potential  Developments 

Probably  as  great  strides  in  the  computer  field  will  be  made  in 
the  next  ten  years  as  have  been  made  in  the  last  ten.  Even  the  largest 
computers  are  now  being  found  to  be  much  too  limited  to  handle 
many  problems.  Already  prototype  computers  are  being  made  with 
capacities  a  hundred  times  greater  than  present  machines. 

Herbert  Simon  of  Carnegie  Institute  of  Technology  and  Allen 
Newell  of  the  RAND  Corporation  have  embarked  on  a  program  of 
research  in  which  a  computer  is  being  used  to  do  things  which  here- 
tofore have  been  regarded  as  intuitive  processes.  They  have,  so  far, 
succeeded  in  programing  a  computer  to  re-prove  the  basic  logical 
theorems  of  Newton,  using  only  four  fundamental  axioms  as  a  begin- 
ning. This  initial  success  has  led  Simon  to  predict  that  in  ten  years 
computers  may  be  doing  many  things  which  are  now  regarded  as 
essentially  intuitive  or  judgmental. 

The  central  problem  in  expanding  the  use  of  computers  is  that  of 
"language."  Language  not  in  the  usual  sense,  but  a  new  type  of  lan- 
guage which  can  be  used  to  describe  very  accurately  the  logical 
nature  of  the  problem  under  study  and  to  translate  this  problem  into 
the  language  of  the  computer.  Everyone  who  has  had  experience, 
even  indirectly,  in  the  programing  of  computers  has  been  struck, 
first,  by  the  necessity  to  understand  the  problem  with  a  precision 
never  before  even  imagined  and,  second,  by  the  very  great  labor 
involved  in  translating  the  problem  into  computer  programs  or 
language. 

Further  progress  in  our  ability  to  apply  computers  to  management 
problems  will  depend  primarily  on  the  progress  made  in  design  of 
a  means  of  communication  by  which  management-decision  processes 
can  be  both  accurately  described  and  readily  translated  to  computer 
language.  The  lack  of  such  a  language  today  does  not  preclude  the 
application  of  computers  to  management  problems,  but  it  does  make 
the  process  a  difficult,  costly,  and  time-consuming  one. 
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Part  III. 

APPLICATIONS  OF  MATHEMATICAL 
ANALYSIS  TO  MANAGEMENT  PROBLEMS 


There  have  been  applications  of  the  newer  decision-making  tech- 
niques to  most  of  the  fields  of  management.  But  it  is  probably  fair 
to  say  that  these  applications  have  so  far  only  scratched  the  surface. 
Hence  the  record  of  successful  applications  is  still  very  limited. 

It  is  important  to  realize  that  at  this  stage  each  application  must 
be  tailored  to  the  problem.  Seeming  similarities  in  problems  cannot 
be  taken  uncritically  as  proof  that,  if  one  can  be  solved,  the  other 
can  be  solved  by  the  same  means.  At  the  same  time,  many  problems 
that  appear  to  be  quite  different  actually  have  a  common  theoretical 
structure.  This  makes  it  possible  to  use  the  basic  elements  of  a 
solution  developed  for  one  problem  in  the  solution  of  others. 

A  brief  description  of  some  applications  that  have  been  made — as 
well  as  some  potential  applications — may  give  the  reader  an  insight 
into  the  uses  and  limitations  of  these  analytic  tools.  These  applica- 
tions are  discussed  under  three  headings:  "Over-all  Planning  and 
Control,"  "Production  and  Related  Functions,"  and  "Marketing." 
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OVER-ALL  PLANNING  AND  CONTROL 


Financial  Planning 

There  are  several  important  potential  uses  of  mathematical  tools 
for  financial  planning. 

In  most  situations,  the  problem  is  not  to  find  the  investment  pro- 
gram that  will  yield  the  highest  return  on  unlimited  funds,  but  rather 
to  find  the  most  productive  uses  of  quite  limited  capital  funds.  This 
cannot  be  done  if  individual  capital  expenditure  programs  are  con- 
sidered piecemeal,  for  then  they  are  judged,  not  against  each  other, 
but  only  against  a  given  minimum  return  on  investment.  What  is 
sought  is  the  combination  of  expenditures  that  will  return  the  greatest 
profit. 

Example:  Linear  Programing  for  an  Investment  in  an  Electric 
Power  System 

Linear  programing  has  been  applied  by  the  French  mathematicians 
Masse  and  Gibrat  to  an  investment  of  limited  capital  in  new  electrical 
generating  capacity  in  France.*  In  the  power  industry,  there  are  two 
related  requirements  of  output:  a  capacity  to  meet  peak  loads  and  an 
ability  to  deliver  total  requirements.  Each  type  of  generating  station 
has  different  cost  characteristics  in  relation  to  those  two  require- 
ments. In  general,  plants  with  high  capital  costs  and  low  fuel  and 
other  operating  costs  are  more  suitable  for  supplying  constant  loads; 
and  plants  with  low  capital  costs  and  high  variable  costs  are  more 
suitable  for  handling  peak  loads. 

Masse  and  Gibrat  found  linear  programing  a  useful  tool  in  finding 
the  mix  of  steam  plants,  hydroelectric  plants  (some  with  and  some 
without  reservoirs),  and  tidal  plants  that  would  provide  both  the 
necessary  peak-output  capacity  and  annual  output  for  the  minimum 
total  cost. 

Factors  to  Consider  in  Financial  Plans 

In  most  situations,  financial  planning  involves  a  large  number  of 
interacting  factors  which  make  the  evaluation  of  alternative  plans 
and  the  selection  of  the  optimum  program  an  extremely  difficult 

*  P.  Masse  and  R.  Gibrat,  "Applications  of  Linear  Programming  to 
Investments  in  the  Electric  Power  Industry,"  Management  Science,  Vol.  3, 
No.  2,  Jan.  1957. 
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affair.  Because  of  this  complexity,  mathematical  analysis  may  prove 
to  be  of  particular  value  in  the  solution  of  practical  problems.  Among 
the  factors  to  consider,  these  are  especially  important: 

1.  Financial  planning,  like  most  planning,  involves  a  substantial 
element  of  uncertainty:  uncertainty  as  to  sales  potential,  raw  material 
and  labor  costs,  price  levels,  product  superiority,  success  of  research 
and  development,  and  strength  of  competition.  (Probability  theory 
is  a  useful  tool  for  handling  and  evaluating  such  uncertainty.) 

2.  Federal,  state,  and  local  tax  structures  increasingly  bear  on  the 
relative  profitability  of  alternative  investment  opportunities.  Depre- 
ciation schedules,  abandonment  losses,  corporate  income  taxes,  and 
property  taxes  all  significantly  affect  the  relative  advantages  of 
alternative  plans. 

3.  Competing  capital  requirements  often  cannot  be  judged  apart 
from  each  other.  Investment  in  expanding  capacity  for  producing 
present  products  may  reduce  working  capital  requirements  because 
of  a  reduced  need  to  carry  seasonal  inventories;  while  investment  in 
capacity  for  producing  new  products  may  increase  the  requirements 
for  working  capital  correspondingly. 

4.  The  many  alternative  schedules  for  new  plant  construction  over 
the  years  ahead  add  to  the  complications  of  analysis.  If  fewer  but 
larger  plants  are  built  over  the  years,  both  capital  costs  and  operating 
costs  per  unit  of  capacity  will  be  decreased,  but  plant  utilization 
immediately  after  construction  may  be  low.  If,  instead,  smaller  plants 
are  built  more  frequently,  capital  costs  are  higher,  but  utilization 
probably  will  be  greater  and  distribution  costs  may  be  less. 

5.  The  many  alternative  sources,  and  combinations  of  sources,  of 
capital  depend  in  part  upon  the  nature  of  the  proposed  investment 
program,  while  the  investment  program  is  often  conditioned  by  the 
sources  of  capital  available.  The  financial  plan  must  provide  the  most 
advantageous  program  for  raising  capital  from  among  the  various 
alternatives.  These  alternatives  will  include  retained  earnings,  short- 
term  borrowings,  long-term  borrowings,  lease-back  arrangements, 
and  new  equity  capital.  Not  only  are  these  interrelated,  but  their 
relative  availability  is  in  turn  related  to  the  use  to  which  they  are 
to  be  put  and  to  the  past  record  of  the  company. 

While  techniques  such  as  linear  programing,  quadratic  and  dy- 
namic programing,  and  queuing  theory  will  have  specific  applica- 
tions to  parts  of  the  over-all  program,  it  appears  doubtful  that  the 
over-all  problem,  if  it  is  relatively  complex,  can  be  handled  by  formal 
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solutions.  Instead,  simulation  of  financial  plans,  usually  by  use  of 
computers,  appears  to  be  the  only  means  available  today  by  which 
all  of  the  key  factors  can  be  handled  simultaneously.  In  other  words, 
there  appears  to  be  no  possibility  of  solving  mathematically  for  the 
single  best  plan.  Simulation  will,  however,  aid  planners  by  providing 
the  means  to  compare  rapidly  a  large  number  of  alternative  combina- 
tions of  factors,  some  under  the  control  of  management  and  some 
not. 

Steps  in  Simulating  a  Financial  Plan 

It  should  be  possible  to  program  an  entire  financial  plan  so  that 
it  can  be  simulated  on  an  electronic  computer  in  a  very  few  minutes, 
though  the  programing  for  simulation  may  take  months.  In  such  a 
simulation,  the  following  steps  would  be  taken: 

1.  A  variety  of  alternative  sales  forecasts  would  be  tested  by  suc- 
cessive runs. 

2.  Costs  of  production  and  of  sales  under  a  variety  of  assumptions, 
and  for  different  sales  volume,  would  be  computed  within  the  com- 
puter and  used  as  the  basis  for  further  calculations. 

3.  The  specific  financial  plan  to  be  tested  would  be  set  up  in  the 
computer  and  the  flow  of  funds  programed  according  to  plan. 

4.  Cash  flow  would  be  simulated  from  the  income  generated  by 
sales;  the  costs  of  production  and  of  sales,  and  by  the  allocation 
of  available  cash  to  liquid  reserves,  inventories,  consumer  credit, 
research  and  development,  capital  purchases,  and  dividends. 

The  net  result  would  be  the  simulation  of  the  key  elements  of  the 
financial  plan  under  a  variety  of  assumptions  in  order  to  test  the 
relative  value  of  many  different  programs  under  a  number  of  favor- 
able and  unfavorable  circumstances.  A  given  financial  plan  may  be 
ideal  for  the  level  of  sales  projected  by  the  economists  over  the  next 
ten  years.  But  if  sales  fall  off  significantly,  or  if  competition  drives 
down  the  profit  margin — is  the  plan  still  feasible?  A  variety  of  other 
questions  might  be  answered  by  re-runs  of  the  simulation  model: 

1.  What  are  the  implications  of  changes  in  interest  rates? 

2.  What  are  the  implications  of  increases  in  wages? 

3.  How  much  of  a  reduction  in  sales  revenues  is  possible  under 
the  plan  being  tested? 

4.  Does  the  plan  provide  flexibility  to  increase  the  planned  rate  of 
expansion? 
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5.  How  vulnerable  is  the  plan  to  changes  in  the  market  price  of 
the  company's  securities? 

6.  Can  new  opportunities,  such  as  the  chance  to  buy  smaller  busi- 
nesses, be  taken  advantage  of? 

7.  Does  the  plan  provide  adequate  capital  under  a  variety  of 
circumstances  ? 

8.  What  is  the  effect  of  variations  in  sales  levels? 

Since  the  criteria  for  judging  the  answers  to  such  questions  are 
extremely  difficult  to  formulate  apart  from  specific  situations,  it  is 
almost  certainly  impossible  to  set  up  an  economic  model  which  can 
be  used  to  find  the  "probably  best"  solution.  For  example,  suppose 
two  plans  are  considered:  one  offers  the  greater  returns  under  a 
continually  expanding  market;  the  other  provides  lower  fair-weather 
earnings,  but  is  much  more  stable  under  unfavorable  conditions. 
Which  is  the  better?  Only  management  can  answer  this  problem,  and 
then  only  if  the  actual  alternatives  are  posed  quantitatively.  Simula- 
tion provides  management  with  the  tool  to  do  this. 

The  role  of  the  computer  is  that  of  a  high-grade  clerk  that  prac- 
tically never  makes  mistakes.  If  it  is  feasible  to  make  the  many  runs 
required  without  a  computer,  there  is,  of  course,  no  reason  for  using 
one.  The  normal  difficulty,  however,  is  that  by  the  time  two  or  three 
alternatives  have  been  calculated  manually,  the  time  available  for 
deciding  has  been  used  up,  and  no  further  runs  are  made. 

Accounting  and  Cost  Analysis 

Mathematical  analysis  offers  the  possibility  of  both  improving 
the  quality  of  accounting  information  and  reducing  the  costs  of 
accounting. 

Sampling  to  Reduce  Accounting  Costs 

Modern  techniques  of  statistical  sampling  have  made  it  possible  to 
use  relatively  small  samples  to  obtain  surprisingly  accurate  approxi- 
mations of  the  totals  being  sampled.  For  example,  three  major  air- 
lines are  now  settling  their  interline  accounts  on  a  sampling  basis. 
Warren  Alberts  of  United  Airlines  reports  that  on  $4  million  worth 
of  billings  a  small  test  sample  showed  a  variation  of  only  0.1  per 
cent,  or  $1,600,  between  100  per  cent  accounting  and  the  estimate 
based  on  the  sample. 

Sampling  has  long  been  used  by  industry  as  a  means  of  controlling 
product  quality.  It  is  also  fully  accepted  as  a  technique  of  auditing. 
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And  it  may  become  equally  significant  as  a  tool  for  controlling  costs. 
By  the  use  of  modern  mathematical  techniques,  it  is  often  possible 
to  design  sampling  procedures  which,  over  the  long  run,  will  give 
expected  errors  of  less  than  1  per  cent  from  samples  that  are  a  small 
fraction^ of  the  total.  Devices  such  as  stratified  sampling,  for  exam- 
ple, make  it  possible  to  eliminate  entirely  the  "one-in-a-million" 
chance  that  the  sample  will  hit  nothing  but  extreme  values  and 
thereby  give  grossly  inaccurate  results. 

Further,  sampling  procedures  can  be  designed  to  give  any  pre- 
determined degree  of  accuracy,  so  it  is  possible  to  balance  the  cost 
of  sampling  against  the  costs  of  probable  variations  of  the  sample 
from  the  true  value.  Each  proposed  use  of  sampling  should  first  be 
examined  against  present  costs,  however,  to  see  whether  the  expected 
savings  are  sufficient  to  justify  the  change  in  procedures. 

Sampling  should  have  increasing  application  in  internal  cost  ac- 
counting. Since  internal  cost  accounting  is  used  primarily  for  con- 
trol purposes,  its  accuracy  need  only  be  at  a  level  which  is  significant 
for  control.  The  costs  of  fuel  and  power,  the  costs  of  maintenance 
and  setup,  in-process  inventory  costs,  machine-center  costs,  and  many 
others  can  be  collected  by  sampling  and  analyzed  statistically. 

In  the  area  of  external  accounting,  where  actual  cash  payments 
and  receipts  must  be  determined,  greater  accuracy  is  needed.  It  is 
only  natural  that  management  should  be  hesitant  about  using  sam- 
pling in  this  area.  Nevertheless,  there  have  been  at  least  two  major 
applications  of  sampling  of  external  accounting.  In  addition  to  the 
use  of  sampling  by  the  airlines  (mentioned  above),  the  Railway  Ex- 
press Agency  is  using  sampling  to  allocate  railway  express  revenues 
among  the  railways  on  the  basis  of  volume  and  mileage. 

Linear  Programing  for  Better  Cost  Information 

Under  certain  circumstances  linear  programing  can  also  become  a 
useful  cost  analysis  tool.  When  a  complex  production  plan  is  revised 
— owing  to  the  addition  or  cancellation  of  an  order,  or  a  change  in 
the  cost  or  availabality  of  a  raw  material — linear  programing  can 
be  used  to  find  the  true  incremental  costs  of  the  revision. 

For  example,  a  paper  manufacturer  may  be  able  to  obtain  a  large 
new  contract  for  a  certain  kind  of  paper  stock.  Assuming  he  has 
already  developed  a  linear  program  to  find  the  optimum  production 
schedule  to  meet  existing  orders,  he  can  now  add  the  new  require- 
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ment  to  his  program  and  obtain  a  revised  optimum  over-all  schedule. 
This  may  well  involve  the  shifting  of  one  or  more  other  orders  to 
less  efficient  machines  not  now  being  used;  it  may  also  involve  shift- 
ing some  orders  to  other  mills  which  are  further  away  from  the 
customers.  It  may  at  the  same  time  provide  much  better  over-all 
machine  loading.  The  new  solution  of  the  linear  programing  matrix 
will  not  only  provide  the  best  over-all  revised  production  plan,  but 
will  also  provide  an  accurate  measure  of  the  net  added  costs  result- 
ing from  these  shifts.  Thus  management  can  make  an  accurate  esti- 
mate of  the  total  out-of-pocket  costs  involved  in  accepting  a  new 
order  and  can  use  these  estimates  in  determining  the  actual  effect 
on  profits  of  a  specific  price  quoted. 

In  the  event  that  management  must  also  consider  other  factors, 
such  as  customer  relations,  which  are  not  included  in  the  linear  pro- 
graming matrix,  it  may  not  be  desirable  to  use  that  schedule  which 
shows  minimum  costs.  By  use  of  linear  programing,  it  is  possible 
to  determine  the  true  added  costs  of  extra  customer  service,  or  of 
nonstandard  products  manufactured  to  provide  better  service  to  large 
accounts. 

Potential  Extension  of  Cost  Analysis 

Normally,  accounting  is  concerned  only  with  events  that  have 
happened;  it  does  not  consider  what  has  not  happened — for  example, 
it  ignores  the  cost  of  lost  sales.  Mathematical  analysis  may  make  it 
possible  to  include  such  costs  in  accounting  practices. 

The  advantages  of  analyzing  the  cost  of  lost  sales  *  are  plain,  for 
this  cost  is  an  important  factor  to  be  considered  in  decisions  on  pro- 
duction, distribution,  and  marketing.  In  some  cases  the  cost  of  lost 
sales  arising  from  failure  to  maintain  stocks  at  the  consumer  level 
can  be  estimated  fairly  precisely.  It  represents  the  sales  not  made 
during  an  outage  period,  plus  the  additional  lost  sales  resulting  from 
a  loss  in  share  of  the  market — which  continues  after  supplies  have 
been  restored.  In  other  cases  the  cost  of  lost  sales  can  only  be  taken 
into  consideration  by  setting  up  a  series  of  alternative  values  for 
the  cost  of  lost  sales.  If  management  believes  that  the  cost  is  most 
likely  to  be  represented  by  one  of  these  alternatives,  it  will  make 
decisions  on  production  and  inventories  accordingly. 

*  This  cost  is  discussed  further  under  "Inventory  Control"  in  the  sec- 
tion on  "Marketing." 
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PRODUCTION  AND  RELATED  FUNCTIONS 


Production 

Both  mathematical  analysis  and  simulation  have  been  successfully 
applied  to  several  major  aspects  of  production  planning.  In  some 
cases,  rigorous  mathematical  solutions  are  possible.  In  other  cases, 
simulation  has  proved  to  be  an  effective  tool. 

Setting  Over-all  Production  Levels 

The  concept  of  probability  is  perhaps  one  of  the  most  important 
elements  of  mathematical  analysis  that  has  been  introduced  into 
production  planning.  The  Plastics  Division  of  Monsanto  Chemical 
Company  has  developed  a  "probability  budget,"  in  which  forecasts 
of  sales  are,  for  each  period,  expressed  in  probability  distributions 
rather  than  as  single  numbers.  Planning  decisions  are  made  on  the 
basis  of  balancing  the  probable  costs  of  under-production  against 
the  probable  costs  of  over-production.  As  a  result,  the  optimum  pro- 
duction level  may  turn  out  to  be  higher  or  lower  than  the  most 
probable  costs  of  over-production.  As  a  result,  the  optimum  produc- 
tion level  may  turn  out  to  be  higher  or  lower  than  the  most  probable 
sales  level,  depending  on  whether  the  costs  of  lost  sales  are  greater 
or  less  than  the  costs  of  over-production. 

Problems  in  Planning  Batch-type  Production 

The  principal  problem  of  production  planning  for  job  or  batch-type 
products  is  to  determine  the  quantities  of  each  part  to  be  produced, 
the  machines  to  be  used,  the  production  schedules  to  be  followed, 
and  the  sequence  of  parts  to  be  processed  at  each  machine  station. 
The  problem  is  compounded  by  the  large  number  of  interacting 
queuing  situations  throughout  the  job  shop.  Random  fluctuations  in 
processing  times  at  critical  stations  may  have  far-reaching  impact 
on  schedules  and  performance  in  other  areas  of  the  shop.  Full  utiliza- 
tion of  equipment  and  efficient  schedule  performance  (small  amount 
of  delay)  tend  to  be  incompatible  objectives.  In  large  plants  with 
hundreds  of  machines,  the  problem  becomes  extremely  complex  and 
the  potential  savings  are  substantial.  As  a  result,  considerable  effort 
has  been  made  to  apply  the  techniques  of  mathematical  analysis  to 
finding  the  optimum  pattern  of  production.  Formulas  involving  only 
setup  and  inventory  carrying  costs  have  been  used  for  years  in  cal- 
culating economic  lot  sizes.  In  all  but  a  few  cases,  however,  there 
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are  several  other  factors  that  influence  significantly  the  optimum 
routing  and  scheduling  of  production. 
A.  Factors  to  consider: 

1.  The  over-all  efficiency  of  machine  loading.  For  each  specific 
mix  of  orders  there  will  be  one  loading  schedule  that  will  get  the 
most  efficient  use  out  of  all  available  machines. 

2.  Sequence  of  operations.  A  schedule  that  theoretically  provides 
forty  hours  of  work  for  each  machine  in  a  given  forty-hour  week  is 
of  no  value  if  the  parts  to  be  processed  by  some  of  the  machines  are 
not  available  from  preceding  machine  stations  until  the  middle  of 
the  week. 

3.  Delivery  dates,  assembly  schedules,  and  priorities.  Optimum 
schedules  must  take  into  account  either  fixed  delivery  schedules  or 
delivery  priorities.  The  best  solution  will  yield  the  lowest  production 
expenses  by  balancing  (a)  the  costs  of  failure  to  deliver  on  schedule 
(and  the  costs  of  delivering  ahead  of  schedule)  against  (b)  the  added 
production  costs  resulting  from  a  departure  from  that  schedule  which 
minimizes  production  costs. 

4.  Alternative  routing.  In  many  cases  it  is  not  possible  to  use  the 
ideal  machine  for  every  operation,  and  an  alternative  routing  to  less 
efficient  machines  must  be  made  for  some  parts. 

5.  Overtime.  The  desirability  of  overtime  can  only  be  determined 
by  considering  its  cost  in  conjunction  with  the  many  other  cost 
factors  involved. 

6.  Common  parts.  Many  parts  are  common  to  several  products 
and  must  be  scheduled  with  several  different  requirement  dates  and 
quantities  in  mind. 

7.  Spares.  Addition  of  spare-parts  requirements  to  production  runs 
provides  an  element  of  flexibility  in  setting  production  quantities  so 
that  the  best  machine  use  is  obtained. 

8.  In-process  inventories.  Augmenting  in-process  inventories  may 
increase  the  efficiency  of  machine  loading,  but  it  also  adds  to  the 
requirements  for  working  capital,  to  plant  congestion,  and  to  storage 
space  requirements. 

9.  Smoothing  of  production.  Over  the  longer  run,  costs  will  be 
reduced  by  using  inventories  to  absorb  a  part  of  the  fluctuations  in 
demand,  and  thereby  to  provide  a  relatively  stable  level  of  employ- 
ment and  production.  The  added  costs  of  changes  in  production  levels 
must  be  balanced  against  added  inventory  costs,  overtime  costs,  and 
costs  of  late  deliveries. 
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10.  Late  deliveries.  In  some  cases  assemblies  are  held  up  by  late 
deliveries  of  one  or  more  parts,  and  production  schedules  for  related 
parts  must  be  modified  during  production  to  permit  the  assembly  of 
lower  priority  orders  ahead  of  the  stalled  high-priority  order. 

All  of  these  factors,  and  probably  others  also,  should  in  theory  be 
combined  into  a  single  mathematical  model  which  would,  for  any 
set  of  orders,  delivery  dates,  inventory  levels,  production  levels,  and 
machine  capacities,  provide  the  best  plan  for  production — including 
scheduling,  routing,  and  sequencing  for  each  part  and  each  machine. 
But  the  theoretical  mathematical  solution  is  yet  to  be  fully  worked 
out.  In  any  case,  it  would  probably  be  beyond  the  capabilities  of 
even  the  largest  computers.  Therefore,  the  practical  solution  is  to  use 
techniques  of  approximation  or  to  optimize  parts  of  the  problem 
separately. 

In  general,  it  is  possible  today: 

1.  To  find  for  a  single  product,  or  product  group,  the  optimum 
schedule  of  production — including  the  weekly  or  monthly  changes  in 
production  levels,  work  force,  overtime,  and  inventory  levels — which 
will  meet  forecast  changes  in  sales  levels.  Such  a  schedule  will  pro- 
vide an  over-all  optimum  over  many  successive  time  periods. 

2.  To  find  the  optimum  assignment  of  orders  to  machines  where 
there  are  many  different  machines  and  a  large  number  of  products, 
many  of  which  can  be  made  on  several  different  machines. 

3.  To  determine  economic  lot  sizes,  but  only  if  there  are  no  priori- 
ties or  completion  dates  and  if  available  machine  time  is  unlimited. 

4.  To  determine  the  sequencing  of  parts  to  machines  that  will 
optimize  machine  loading,  but  without  consideration  of  alternative 
routing,  priorities,  or  required  delivery  schedules. 

Thus  there  is  no  complete  solution  available  for  problems  of  even 
moderate  complexity.  In  specific  cases,  very  significant  improvements 
have  been  possible  by  the  use  of  mathematical  tools.  In  other  cases, 
it  has  not  been  possible  to  find  by  mathematical  analysis  solutions 
which  are  significantly  better  than  those  already  achieved  by  experi- 
enced production  foremen  and  clerks  with  a  "feel"  for  the  situation. 

If  a  production-scheduling  process  is  at  all  complicated,  and  if 
large  sums  of  money  are  involved,  it  would  be  worth  a  preliminary 
study  at  least,  to  see  whether  full  or  partial  solutions  might  be  possi- 
ble which  would  significantly  improve  performance.  But  there  are, 
as  yet,  no  standard  solutions.  Each  must  be  tailored  to  the  problem 
at  hand ;  consequently,  an  experienced  and  imaginative  mathematical 
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analyst  is  required.  An  experienced  production  man  is  also  required 
to  work  continuously  with  the  analyst. 

B.  Techniques  that  have  been  tried:  There  are  several  tools  which 
have  proved  to  be  of  value,  but  the  experience  in  each  is,  so  far, 
limited  to  a  very  few  applications. 

1.  Simulation.  By  simulating  a  complex  machine-scheduling  and 
loading  problem  in  a  computer,  it  is  possible  to  examine  a  large 
number  of  different  production  plans  and  schedules,  as  well  as  vari- 
ous rules  of  scheduling,  and,  by  a  planned  trial-and-error  process, 
to  find  those  solutions  which  are  the  best  of  the  many  alternatives 
examined. 

A  major  manufacturer  has  successfully  used  a  simulation  model  to 
improve  the  scheduling  of  production  and  assembly  shops.  The  model 
has  led  to  the  development  of  new  scheduling  rules  by  means  of  which 
in-process  inventories  have  been  cut  in  half  without  increasing  pro- 
duction costs.  The  company  also  developed  a  management  game  as 
a  means  of  demonstrating  to  plant  management  the  superiority  of 
the  new  scheduling  rules  over  existing  practices.  In  this  way,  an 
acceptance  was  obtained  which  would  have  been  almost  impossible 
to  obtain  by  lectures  and  instructions. 

2.  Queuing  theory.  Some  routing  and  sequencing  problems  are 
being  treated  as  problems  of  waiting  lines  of  parts  accumulated  be- 
hind each  machine;  an  optimum  solution  can  be  found  in  some  cases 
and  approximated  in  others. 

3.  Quadratic  programing.  In  adjusting  production  to  fluctuations 
in  sales  over  the  longer  run,  quadratic  programing  has  been  success- 
fully used  to  find  the  optimum  combination  of  changes  in  production 
levels,  size  of  work  force,  amount  of  overtime,  and  inventory  levels. 

4.  Linear  programing.  This  technique  is  of  proven  value  in  assign- 
ing products  to  machines,  and  in  assigning  orders  among  geographi- 
cally separated  plants,  especially  where  long  runs  or  continuous 
processes  are  involved. 

5.  Mathematical  logic.  When  a  series  of  operations  on  different 
parts  must  be  sequenced  across  common  machines,  mathematical 
logic  can  be  used  to  develop  a  feasible  schedule. 

6.  Servo-mechanism  theory.*  This  theory  is  useful  in  smoothing 

*  A  theory  of  continuous  correction  of  operations  through  measuring 
the  variation  of  operations  from  a  changing  objective  such  as  level  of 
sales. 
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production  by  screening  out  random  fluctuations  in  sales  while  auto- 
matically adjusting  production  to  longer-range  trends. 

In  summary,  analytic  tools  can  be  used  effectively  on  many  pro- 
duction problems.  Limited  problems  can  be  solved  by  one  of  the 
specific  mathematical  techniques  in  (2)  through  (6)  above.  Simula- 
tion provides  the  only  feasible  approach  to  the  more  general  prob- 
lems in  which  many  of  the  factors  listed  on  pages  90  to  92  are 
simultaneously  involved. 

Systems  Reliability 

With  the  increasing  size  and  complexity  of  both  equipment  and 
organizations,  the  problems  of  reliability  increase  in  importance.  On 
one  hand,  the  costs  of  providing  for  reliability  increase  very  rapidly 
with  increasing  complexity.  On  the  other  hand,  the  costs  of  equip- 
ment failure,  including  the  cost  of  down  time,  rise  equally  fast. 

The  importance  of  the  reliability  problem  can  probably  be  best 
illustrated  by  the  rapid  decline  in  the  probable  service  before  failure 
of  equipment  as  complexity  increases,  particularly  if  the  components 
are  subject  to  random-type  failure.  For  example,  an  airborne  radar 
consisting  of  100  vacuum  tubes,  each  rated  at  1,400  hours,  and  900 
other  components,  each  rated  at  5,000  hours,  has  only  a  60  per  cent 
chance  of  surviving  a  two-hour  mission.  Reliability  can  thus  become 
a  significant  limiting  factor  in  the  design  of  complex  equipment.  In 
general,  the  cost  of  obtaining  a  given  level  of  reliability  in  a  com- 
plex system  is  believed  to  increase  roughly  with  the  square  of  the 
number  of  components. 

Five  Ways  of  Increasing  Reliability 

In  general,  there  are  five  ways  in  which  the  reliability  problem 
can  be  met: 

1.  Increasing  the  reliability  of  individual  components 

2.  Building  in  extra  components  in  parallel 

3.  Increasing  preventive  maintenance,  including  periodic  replace- 
ment of  parts  prior  to  failure 

4.  Increasing  repair  facilities  so  that  down  time  is  reduced 

5.  Separating  and  reducing  in  size  individual  pieces  of  production 
equipment  and  providing  in-process  inventories  between  each  stage. 

Obviously,  not  all  of  these  methods  are  suitable  for  every  type  of 
system.  Furthermore,  they  are  all  expensive.  For  example,  increas- 
ing the  reliability  of  individual  components  requires  more  expensive 
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parts,  more  thorough  inspection  of  parts,  or,  in  some  cases,  operation 
at  levels  less  than  the  rated  capacity  of  the  components.  To  take  an- 
other example,  the  use  of  extra  components  in  parallel  not  only 
increases  cost  and  weight,  but  has  other  limitations  besides.  Addi- 
tional components  may  cause  failure  by  operating  when  they  should 
not;  therefore,  increasing  the  number  of  components  may  tend  to 
increase  one  type  of  failure  while  reducing  the  other. 

In  general  the  means  of  increasing  reliability  are  justified  only  to 
the  extent  that  they  are  offset  by  savings  resulting  from  increased 
reliability.  In  most  cases,  it  should  be  possible  to  make  a  fairly 
precise  analytical  estimate  of  the  optimum  combination  of  the  dif- 
ferent means  of  providing  reliability,  as  well  as  of  the  optimum 
degree  of  reliability. 

Prevention  vs.  Repair  After  Failure 

Maintenance  can  be  achieved  either  by  prevention  or  by  repair. 
In  determining  the  most  economical  maintenance  program  for  equip- 
ment, the  costs  of  failure  are  balanced  against  the  costs  of  preventive 
maintenance.  This  involves  determining  the  probability  of  failure 
for  each  critical  part  and  combining  the  individual  probabilities 
into  an  over-all  probability  function  for  the  equipment  under  study. 
The  costs  of  preventive  maintenance  include  the  costs  of  maintenance 
labor,  the  costs  of  built-in  inspection  and  warning  devices,  and  the 
added  cost  of  replacing  parts  before  they  have  failed.  The  costs  of 
actual  failure  include  machine  down  time,  costs  of  delay  of  other 
processes,  customer  dissatisfaction  and  customer  loss,  increased 
scrap,  idle  labor,  and  costs  of  maintenance  personnel  and  supplies. 

A  key  to  the  solution  of  problems  of  this  type  is  the  determination 
of  the  "mortality"  curve  for  each  part.  Some  types  of  equipment 
show  a  higher  rate  of  failure  during  the  initial  period  of  life,  fol- 
lowed by  a  reduced  rate  for  those  that  survive  the  initial  period. 
Others  show  low  initial  rates  with  high  rates  as  wear-out  takes 
place.  Still  others  exhibit  a  constant  rate  of  failure. 

In  some  cases,  where  there  is  found  to  be  a  particularly  high  rate 
of  failure  in  the  early  part  of  the  life  span,  it  is  more  economical  to 
test-run  all  items  for  the  initial  period.  Those  parts  that  survive 
will  thus  have  a  greater  average  life  expectancy  than  would  the 
larger  group  of  new  parts,  even  though  those  remaining  are  all 
"used  parts." 

Under  some  conditions,  preventive  replacement  is  never  econom- 
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ical  because  the  value  of  still-functioning  elements  that  are  dis- 
carded is  never  compensated  for  by  savings  resulting  from  the  re- 
duced number  of  failures.  Under  other  conditions,  it  will  be  more 
economical  to  replace  a  given  group  of  elements,  such  as  radio  tubes, 
at  fixed  intervals,  even  though  failure  has  not  occurred. 

Under  the  latter  circumstances,  the  chance  of  a  costly  failure 
occurring  between  scheduled  preventive  replacements  is  considerably 
reduced.  By  mathematical  means  it  is  possible  to  specify  the  type  of 
replacement  policy  that  provides  the  optimum  balance  between  the 
cost  of  failure  and  the  cost  of  replacements. 

In  a  similar  manner,  it  is  possible  to  specify  an  optimum  periodic 
inspection  program,  or  to  specify  the  extent  to  which  automatic 
checking  devices  should  be  built  into  complex  equipment.  It  is  also 
possible  to  strike  an  optimum  balance  between  the  added  costs  of 
making  equipment  less  likely  to  fail  and  the  alternative  costs  of 
preventive  replacement  before  failure.  The  desirability  of  maintain- 
ing standby  equipment  in  anticipation  of  failure  can  also  be  cal- 
culated. 

While  there  is  no  ready-made  set  of  rules  or  formulas  for  deter- 
mining the  optimum  balance  among  the  various  means  of  increas- 
ing reliability  on  one  hand,  and  reducing  the  costs  of  failure  on  the 
other  hand,  analytical  tools  now  exist  which  will  permit  an  accurate 
solution  of  many  practical  problems.  Further,  these  tools  have  at 
least  limited  applicability  to  systems  involving  human  components 
as  well  as  equipment. 

There  is  little  doubt  that  this  class  of  problems  will  increase  tre- 
mendously over  the  next  few  years  as  we  move  into  the  age  of  auto- 
mation. Already  the  "reliability  barrier"  is  being  talked  about  as 
the  next  major  scientific  challenge  following  the  "sound  barrier" 
and  the  "thermal  barrier."  Unlike  other  barriers,  the  reliability 
barrier  will  be  of  nearly  as  great  significance  to  management  as  it 
will  be  to  the  designers  of  intercontinental  missiles.  Mathematical 
analysis  will  be  of  increasing  value  in  answering  "How  much  relia- 
bility is  justified?"  and  "How  can  a  given  degree  of  reliability  be 
achieved  at  minimum  cost?" 

Maintenance 

Many  of  the  analytical  techniques  applicable  to  maintenance  are 
discussed  under  the  heading  of  "Systems  Reliability."  Others  apply 
specifically  to  maintenance  problems. 
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Queuing  Theory  in  Sequencing  Repairs 

Determining  the  sequence  of  repair  jobs  is  one  maintenance  prob- 
lem in  which  mathematical  analysis  is  useful.  Both  the  estimated 
time  required  for  repair  and  the  relative  importance  of  each  job 
must  be  considered.  The  setting  of  repair  priorities  in  turn  influences 
the  optimum  size  of  repair  facilities.  For  if  the  priorities  are  improp- 
erly set,  important  repair  jobs  will  be  delayed  longer  than  necessary, 
and  larger  than  necessary  repair  facilities  will  appear  to  be  required. 
Queuing  theory  provides  the  theoretical  framework  for  the  solution 
of  problems  of  this  class. 

Probability  in  Planning  Parts  Stocks 

The  determination  of  the  optimum  levels  and  mix  of  spare-parts 
stocks  is  often  highly  complicated.  However,  probability  theory  can 
be  used  in  making  such  a  determination.  Given  the  expected  mortality 
tables  for  each  part,  it  is  possible  to  balance  the  costs  of  production 
and  storage  against  the  costs  of  failing  to  provide  enough  parts. 
Similarly,  if  a  fixed  amount  of  money  is  available  for  spares,  it  is 
possible  to  calculate  the  optimum  mix  of  parts  that  can  be  purchased 
for  that  sum.  Both  the  cost  of  each  part  and  its  probable  rate  of  use 
will  enter  into  the  calculation. 

To  make  the  point  with  an  extreme  example,  assume  that  there 
are  ten  parts.  During  a  given  period,  each  of  nine  parts  has  a  10 
per  cent  chance  of  being  needed  and  a  tenth  part  has  a  20  per  cent 
chance  of  being  needed.  The  cost  of  the  tenth  part,  however,  is 
equal  to  the  entire  fund  available  for  parts  purchase,  while  one  of 
each  of  the  nine  other  parts  could  be  purchased  with  the  money 
available.  Thus,  even  though  the  probability  that  the  tenth  part  will 
be  required  is  double  the  probability  that  any  one  of  the  other  parts 
will  be  needed,  the  purchase  of  the  nine  parts  will  be  preferable  to 
the  purchase  of  the  tenth.  For  if  the  tenth  part  only  is  purchased,  the 
probability  of  a  breakdown  for  which  there  is  no  spare  part  is  82 
per  cent,  while  if  the  same  money  is  spent  on  one  each  of  the  nine 
parts,  there  is  only  an  18  per  cent  chance  of  breakdown.* 

Often,  total  weight  or  total  volume  must  be  considered  in  calculat- 
ing the  optimum  mix  of  spares.  Weight  is  a  factor  when,  for  example, 
spare-parts  kits  are  to  be  assembled  for  air  delivery;  and  total  vol- 

*  For  the  sake  of  simplicity,  the  possibility  of  a  second  breakdown  for 
a  given  part  is  ignored  in  the  example. 
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ume  is  often  governed  by  warehouse  limitations.  In  either  case,  the 
method  discussed  above  for  calculating  optimum  mix  from  the  cost 
standpoint  can  be  used. 

Techniques  for  Locating  Warehouses 

Other  problems  may  involve  complicated  decisions  on  the  location 
of  spare-parts  depots.  It  may  be  possible  to  carry  spares  centrally 
in  a  single  warehouse,  to  maintain  stocks  at  regional  warehouses,  to 
locate  all  spares  with  the  equipment  for  which  they  are  intended, 
or  to  combine  two  or  all  of  these  arrangements.  If  spares  are  main- 
tained centrally,  the  size  of  the  stock  will  be  smaller  than  would 
otherwise  be  necessary;  but  the  costs  of  delivery,  possibly  by  air, 
and  the  costs  of  delay  will  be  greater.  If  stocks  are  decentralized,  the 
size  of  the  stocks  will  have  to  be  much  larger,  although  the  costs  of 
delivery  and  of  delay  will  be  less.  Linear  programing,  quadratic 
programing,  and  probability  theory  provide  tools  for  the  solution 
of  problems  of  this  type.  Very  complex  problems  probably  can  be 
solved  only  by  use  of  simulation  models. 

United  Airlines  has  developed  a  major  simulation  model  covering 
the  operations  of  maintenance  and  service  facilities  at  an  air  ter- 
minal. Warren  Alberts,  Director  of  Industrial  Engineering,  writes: 

The  project  involved  a  basic  study  of  the  whole  process  of  providing 
serviceable  aircraft  to  meet  schedules  over  our  14,000  mile  system. 
Our  first  objective  was  to  determine  and  analyze  the  true  nature  of 
that  operation  and  measure  the  variables  which  existed.  The  second 
was  to  develop  a  means  or  a  model  which  could  be  used  to  test  the 
effect  of  changes  in  policy,  maintenance  concept,  schedules,  facili- 
ties, and  manpower.  .  .  .  The  station  model  as  it  was  set  up  on 
the  704  computer,  will  enable  us  to  simulate  100  days'  actual  opera- 
tion— say,  at  a  station  like  Newark — in  a  matter  of  minutes.  By 
varying  the  input  of  such  items  as  manpower,  facilities,  schedule,  or 
maintenance  policies,  we  hope  to  compare  outputs  and  get  an  indi- 
cation as  to  the  best  course  of  action.  As  output,  the  model  will 
give  us  idle  manpower,  utilization  of  maintenance  docks,  schedule 
delays,  maintenance  working  and  waiting  time,  and  so  on.* 

Purchasing 

Several  applications  of  mathematical  analysis  have  been  made  to 
specific  problems  in  the  purchasing  field. 

*  Warren  E.  Alberts,  "Operations  Research  in  Aircraft  Maintenance," 
Operations  Research,  A  Basic  Approach,  Special  Report  17,  American 
Management  Association,  1956. 
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Linear  programing  has  been  used  by  a  mid- west  steel  tube  mill  to 
determine  what  products  to  make,  and  what  to  buy  from  other  mills 
for  resale  through  the  company's  sales  organization.  The  analytical 
solution  showed  that  profits  could  be  increased  substantially  by  out- 
side purchase  of  certain  products,  even  though  the  mill  had  suffi- 
cient productive  capacity  to  make  them. 

Similarly,  a  large  purchaser  of  parts  has  used  linear  programing 
to  analyze  a  large  number  of  bids.  The  bids  presented  numerous 
price  and  quantity  alternatives,  both  on  individual  parts  and  on 
groups  of  parts.  Some  bidders,  who  submitted  several  bids,  had 
limited  equipment  and  could  accept  only  certain  combinations  of 
orders.  Under  these  circumstances,  selecting  the  combination  of 
bids  that  would  minimize  total  costs  presented  the  purchaser  with  a 
formidable  problem.  Without  linear  programing,  he  would  have  been 
forced  to  use  tedious  cut-and-try  methods  of  approximation.  In  gen- 
eral the  use  of  linear  programing  probably  is  not  justified  on  a  "one- 
shot"  basis,  unless  the  value  of  the  items  being  purchased  is  quite 
large  and  the  complexity  of  the  analysis  beyond  the  capability  of 
simpler  approaches.  However,  if  a  manufacturer  is  regularly  in  the 
market  for  a  large  number  of  parts,  he  may  find  it  worth  while  to 
set  up  a  linear  programing  form  of  analysis  on  a  computer  that  can 
be  used  repeatedly  to  analyze  bids. 

Another  use  of  mathematical  analysis  in  purchasing  is  in  weigh- 
ing the  advantages  of  a  low  bid  with  a  high  probability  of  late  de- 
livery against  the  advantages  of  a  higher  bid  with  a  better  chance  of 
meeting  a  promised  delivery  schedule.  E.  J.  Isaac  of  the  Stanford 
Research  Institute,  has  formulated  a  solution  by  which  linear  pro- 
graming is  used  to  determine  how  low  a  probability  of  on-time 
delivery  can  be  tolerated  before  it  becomes  better  to  accept  a  higher 
bid  with  a  high  probability  of  delivery.* 

Probability  theory  has  been  used  to  determine  the  number  of  spare 
parts  that  should  be  ordered  with  a  new  machine.  On  the  one  hand, 
extra  spare  parts  may  never  be  used;  on  the  other,  an  inadequate 
order  may  result  in  a  critical  part's  becoming  exhausted  before  the 
machine  is  junked.  If  adequate  estimates  of  the  probability  of  part 
failure  and  of  the  life  of  the  machine  can  be  made  from  past  records, 
it  is  possible  to  compute  the  number  of  spares  which  will  minimize 
the  total  of  the  costs  of  spares  and  the  probable  costs  of  running 

*  E.  J.  Isaac,  "Note  on  Selection  of  Capital  Equipment  with  Uncertain 
Delivery  Date,"  Operations  Research,  Vol.  4,  No.  3,  June  1956. 
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short.  The  factors  to  be  taken  into  consideration  include:  the  initial 
cost  of  the  part,  the  costs  of  storage  and  of  stores  maintenance,  the 
probability  of  need  for  the  part,  the  costs  of  shutting  down  a  machine 
or  a  whole  line  for  lack  of  a  spare,  the  costs  of  a  special  production 
order  for  additional  spares,  and  the  length  of  time  required  for  their 
production. 

Transportation 

The  applications  of  advanced  analytical  tools  to  problems  of  trans- 
portation fall  largely  in  routing  and  scheduling. 

The  Stanford  Research  Institute,  working  with  the  Southern  Pa- 
cific Railroad,  has  developed  a  system  by  which  the  various  types 
and  grades  of  empty  freight  cars  can  be  dispatched  to  pick  up  their 
next  loads  in  a  way  that  minimizes  the  over-all  costs  of  movement, 
including  both  in-transit  time  and  distance  traveled.  Since  a  major 
railroad  may  have  as  many  as  10,000  empty  cars  on  hand  at  any  one 
time,  the  movement  to  reloading  points  can  be  a  major  cost.  Further, 
the  more  efficiently  the  car  pool  can  be  used,  the  fewer  total  cars 
will  be  required  by  the  railway.  This  problem  has  been  solved  by 
use  of  mathematical  techniques  similar  to  linear  programing.  The 
complexity  of  the  calculations  required  is  such  that  only  by  use  of  an 
electronic  computer  is  the  process  possible.  Data  collection,  as  in 
most  important  problems,  has  been  a  major  obstacle.  It  was  found 
necessary,  as  a  part  of  the  program,  to  develop  an  entirely  new 
system  of  reporting  on  empty-car  status. 

Several  studies  on  automobile  traffic  flow  have  been  made  by  the 
Port  Authority  of  New  York  and  other  public  agencies.  One  study, 
for  example,  has  determined  the  optimum  conditions  of  speed  and 
spacing  in  order  to  move  the  maximum  number  of  vehicles  per  hour 
through  New  York  tunnels.  It  is  interesting  that,  as  speed  increases 
up  to  a  critical  value,  volume  also  increases;  and  as  peak  speed  goes 
higher,  volume  again  contracts  because  of  alternate  bunching  and 
thinning  of  cars. 

The  techniques  of  linear  programing  are  also  of  considerable  value 
in  the  solution  of  some  transportation  routing  problems.  Others, 
where  it  is  necessary  to  optimize  the  routing  and  scheduling  through 
several  successive  trips  for  each  ship  or  aircraft,  will  require  the 
more  difficult  techniques  of  dynamic  programing.  Most  of  the  work 
done  so  far  has  been  for  the  military  services.  Commercial  sys- 
tems, however,  are  considerably  more  complicated  than  military 
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systems,  both  because  of  competition  among  carriers  and  because  of 
the  complex  nature  of  the  demand  of  customers  for  specific  times  of 
arrival  or  departure.  Therefore  simulation  may  prove  to  be  the  only 
feasible  means  of  handling  the  complexity  of  many  transportation 
problems. 

Research  and  Development 

The  principal  application  of  advanced  analytical  techniques  to  re- 
search and  development  has  been  in  helping  to  set  more  precise 
requirements  for  applied  research  and  for  development  in  industrial 
laboratories. 

Weapons  Systems  Analysis  by  Defense  Contractors 

Most  of  the  major  defense  manufacturers  maintain  large  opera- 
tions research  staffs  whose  function  is  to  study  potential  weapons 
systems  ten  to  twenty  years  ahead.  The  analysis  of  alternative  weap- 
ons systems,  and  the  probable  enemy  systems  they  will  face,  brings 
out  the  fundamental  elements  of  future  combat  and  the  characteris- 
tics an  aircraft  or  missile  must  have  if  it  is  to  operate  successfully 
in  such  environment.  These  characteristics,  in  turn,  set  the  opera- 
tional requirements  and  limitations  of  speed,  weight,  climb,  ceiling, 
fire  power,  and  electronic  guidance  to  which  the  designers  must 
adhere  if  their  companies  are  to  obtain  developmental  contracts  and, 
later,  production  orders. 

Simulation  of  Railroads 

Similarly,  the  Westinghouse  Airbrake  Company  has  spent  a  great 
deal  of  effort  and  money  in  simulating  the  operation  of  railroads  in 
order  to  guide  its  research  and  development  staffs  in  the  design  of 
new  equipment  systems  for  the  control  of  railroad  traffic.  The  first 
element  simulated  was  the  railroad  classification  yard.  By  studying 
the  operation  of  the  model,  it  was  possible  to  find  the  requirements 
for  the  optimum  operation  of  an  actual  yard  of  any  given  capacity. 
Since  one  of  the  critical  factors  in  yard  efficiency  is  train  size,  West- 
inghouse next  developed  models  of  line  operations  and,  from  this, 
was  able  to  set  conditions  for  the  over-all  optimization  of  line  opera- 
tion and  yard  operation  functioning  as  a  complete  system.  These 
studies  showed  that  new  automatic  equipment  would  be  necessary  to 
operate  rail  transportation  systems  at  optimum  levels.  They  also 
provided  the  performance  characteristics  for  the  design  of  such 
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equipment  and  estimates  of  the  savings  in  operating  costs  that  could 
be  realized  by  its  use. 

Other  Techniques 

Search  theory,  another  tool  of  analysis  which  has  been  developed 
by  military  operations  research,  may  also  be  applicable  to  industrial 
research  programs.  Search  theory  provides  a  theoretical  means  for 
allocating  search  efforts  for  hidden  objects  under  conditions  in  which 
one  knows  only  (a)  the  relative  probability  that  the  object  sought 
will  be  found  in  one  of  several  areas  and  (b)  the  operating  charac- 
teristics of  the  tools  of  search.  The  mathematical  model  gives  the 
relative  search  effort  that  should  be  expended  in  each  area.  George 
Kimball  of  the  Massachusetts  Institute  of  Technology,  in  writing^  on 
industrial  applications  of  military  operations  research,  has  com- 
mented, "Many  industrial-research  programs  are  in  essence  search 
plans,  and  it  could  very  well  be  that  search  theory  could  be  applied 
to  the  design  of  such  programs." 

Some  of  the  companies  engaged  in  the  development  and  market- 
ing of  new  chemicals  and  drugs  are  beginning  to  use  mathematical 
analysis  to  help  their  researchers  in  identifying,  from  among  tens  of 
thousands  of  possible  organic  compounds,  those  which  have  precisely 
the  required  combination  of  physical  and  chemical  properties  as  well 
as  the  absence  of  undesirable  side  effects. 

In  summary,  advanced  tools  of  mathematical  analysis  have  dem- 
onstrated their  value,  in  a  limited  number  of  cases,  in  setting  per- 
formance characteristics  for  applied  research  and  development 
programs.  These  tools  may  also  be  valuable  in  identifying  the  lines 
of  search  that  are  most  likely  to  yield  results  in  a  specific  research 
program. 

MARKETING 

Distribution  and  Sales 

Mathematical  analysis  has  been  applied  to  several  industrial  prob- 
lems of  distribution  and  sales.  A  representative  group  of  applications 
— some  tested  and  some  potential — is  listed  briefly  below. 

Examples  of  Problems 

A.  Effect  of  promotions:  A  study  made  by  John  F.  Magee  of 
Arthur  D.  Little,  Inc.,  isolated  the  effect  of  promotional  activity  on 
the  sales  of  individual  dealers.  As  a  result  of  being  able  to  predict 
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the  probable  increase  in  sales  resulting  from  promotion,  it  was  pos- 
sible to  identify  those  groups  of  dealers  for  whom  promotion  would 
show  the  greatest  return.  It  was  also  possible  to  estimate  that  level 
of  promotional  activity  which  would  maximize  the  profit  return.* 

B.  Frequency  of  salesmen  s  calls  and  dollar  volume  of  sales:  The 
original  objective  of  a  study  made  by  Russell  Ackoff  of  Case  Insti- 
tute"' for  the  Lamp  Division  of  General  Electric  was  to  determine 
the  optimum  number  of  salesmen  in  relation  to  the  market  so  that 
expansion  of  the  sales  force  over  the  years  ahead  would  be  properly 
planned.  The  analysis  of  the  relation  between  frequency  of  calls  and 
dollar  sales  volume  for  each  customer,  contrary  to  expectations, 
showed  no  correlation.  In  an  effort  to  find  some  significant  relation- 
ship, a  variety  of  other  tests  were  tried,  including  a  breakdown  of 
customers  into  groups  and  a  breakdown  according  to  whether  the 
number  of  calls  to  a  customer  had  been  increasing  or  decreasing  dur- 
ing the  last  two  years.  None  of  the  tests  showed  any  positive  rela- 
tionship. It  was  finally  concluded  that  the  current  frequency  of  sales- 
men's calls  was  well  over  the  threshold  of  saturation  so  that 
increasing  or  decreasing  the  number  of  calls  made  little  change  on 
volume  of  sales. 

A  sales-response  curve  might  look  something  like  this: 


Do/for 
volume 
(for  similar 
a  ceo  un  is  J 


I  2  3  4  5  6  7 

Number  of  calls  per  cusiomer  per  monih 


As  the  number  of  calls  increases,  sales  will  increase  less  and  less 
until  the  flat  part  of  the  curve  is  reached  where  no  further  increase 
can  be  expected.  It  was  the  conclusion  that  the  Lamp  Division  had 
been  operating  well  into  this  area;  hence  changes  in  number  of  calls 
had  no  effect  on  volume.  As  a  result,  a  program  of  carefully  reduc- 
ing the  frequency  of  calls  was  undertaken,  with  the  objective  of  find- 
ing the  point  at  which  volume  would  begin  to  drop  off.  Once  the 
nature  of  the  curve  in  this  area  becomes  known,  it  will  be  possible  to 

*  J.  F.  Magee,  "The  Effect  of  Promotional  Activity  on  Sales,"  Opera- 
tions Research  for  Management,  edited  by  McClosky  and  Trefathen, 
Johns  Hopkins  Press,  1954. 
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estimate  the  optimum  number  of  salesmen  and  to  allocate  their 
effort  in  the  most  advantageous  manner. 

C.  Salesmen  s  quotas  and  compensation:  The  establishment  of 
sales  quotas  and  sales  compensation  plans  which  take  into  consid- 
eration simultaneously  the  characteristics  of  each  territory,  the  most 
productive  classes  of  accounts,  the  over-all  effects  of  levels  of  eco- 
nomic activity,  and  the  profit  margins  on  individual  products,  is  in 
some  cases  possible  with  today's  analytical  tools.  Linear  programing 
may  be  of  value  in  complicated  situations  involving  many  different 
products  and  market  characteristics. 

D.  Relative  profitability :  Linear  programing  and  other  techniques 
offer  the  possibility  of  evaluating,  on  a  continuing  basis,  the  relative 
profitability  of  individual  products  so  that  sales  effort  can  be  con- 
centrated on  these  items. 

E.  Financial  help  to  distributors :  Many  distribution  systems  are 
plagued  with  the  inability  of  their  accounts  to  finance,  on  a  cash 
basis,  large  enough  orders  to  permit  economical  distribution.  Gaso- 
line service  stations  are  frequently  unable  to  take  a  full  truckload 
of  gasoline,  even  though  their  own  tank  capacity  is  adequate.  Under 
these  circumstances,  analytical  techniques  may  help  answer  the  ques- 
tion of  what  is  the  optimum  combination  of  credit  expansion,  price 
concession  on  large  orders,  and  added  costs  to  the  distributor  for 
delivery  of  small  orders. 

F.  Evaluation  of  distributors:  Many  manufacturers  may  be  using 
distributors  whose  contribution  to  profit  is  marginal  or  even  nega- 
tive. Analysis  can  show  both  the  lower  cutoff  point  for  such  distribu- 
tors and  the  avenues  by  which  marginal  distributors  can  be  made 
more  profitable. 

G.  Retail  Sales:  Edward  H.  Smith,  a  scientific  consultant  in  Wash- 
ington, was  asked  to  develop  a  means  of  reducing  pilferage  in  a 
large  department  store.  In  carrying  out  the  assignment,  he  tagged 
several  thousand  dresses  over  a  period  of  weeks  and  followed  their 
course  from  the  receiving  department  to  the  sales  floor  and  finally 
to  the  customer.  An  unexpected  but  more  valuable  product  resulted 
from  the  analysis  of  the  collected  records  by  a  trained  statistical 
mathematician.  It  was  found  that  in  every  case  a  given  percentage 
of  each  lot  would  never  sell  and  that  the  number  sold  each  week 
would  be  proportional  to  the  balance  of  the  salable  dresses  which 
were  still  unsold  at  the  beginning  of  the  week.  This  could  be  ex- 
pressed in  simple  mathematical  terms  and  as  a  result,  the  sales  from 
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each  lot  could  be  accurately  forecast  for  each  succeeding  week.  The 
individual  dresses  which  would  not  sell  could  not,  however,  be 
identified  in  advance.  Hence  it  was  impossible  to  segregate  the  lots. 
The  schedule  of  sales  might,  for  example  look  like  this: 


Sales  from  a  1,000-Dress  Lot 


Week 

Number  sold 

Balance 

1 

280 

720 

2 

168 

552 

3 

101 

451 

4 

60 

391 

5 

37 

354 

6 

21 

333 

7 

13 

320 

8 

8 

312 

9 

5 

307 

10 

3 

304 

By  use  of  this  type  of  information,  it  is  possible  to  calculate  the 
number  of  weeks  the  unsold  balance  of  a  lot  should  remain  on  the 
floor  before  it  is  marked  down  and  the  number  of  weeks  before  the 
remainder  should  be  removed  from  the  floor  and,  if  necessary,  given 
away. 

In  the  above  example,  300  dresses  could  be  expected  never  to  sell 
at  full  price.  At  some  point,  possibly  the  end  of  the  sixth  week,  the 
loss  incurred  by  marking  down  33  remaining  dresses  which  ultimately 
could  be  sold  at  full  price,  together  with  the  300  that  would  never 
sell,  would  be  less  than  the  loss  suffered  by  keeping  the  unsold  balance 
of  the  lot  on  the  floor  and  thus  not  being  able  to  use  the  space  for 
a  new  lot  which  would  initially  sell  much  more  rapidly.  When  the 
specific  initial  prices,  mark-downs,  profit  margins,  and  costs  of  floor 
space  are  known,  the  problem  can  be  expressed  mathematically  and 
solved  to  find  the  length  of  time  each  lot  should  remain  on  the  floor 
before  mark-down  or  before  being  disposed  of  by  other  means. 

Total  Marketing  Expenditures 

Determination  of  the  optimum  level  of  marketing  expenditures 
under  competitive  conditions  has  always  been  a  difficult  problem.  If 
a  competitor  increases  his  share  of  the  market  by  raising  his  expendi- 
tures on  sales,  sales  promotion,  advertising,  and  product  differentia- 
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tion  and  improvement,  how  far  should  one  go  in  trying  to  meet  this 
competition  by  raising  one's  own  level  of  marketing  expenditures? 
Clearly,  there  is  some  point  at  which  the  added  expenditures  will 
bring  back  a  lesser  amount  of  added  profits. 

Robert  S.  Weinberg  of  IBM  has  developed  a  technique  of  analysis 
which  has  been  applied  in  a  small  number  of  situations  to  problems 
of  this  type.*  The  objective  of  such  analysis  is  to  project  the  costs 
of  securing  a  greater  share  of  the  market  in  the  fact  of  competitors' 
actions  and  to  equate  these  costs  to  the  added  profits  they  will  bring. 
Further,  the  analysis  gives  the  company  an  opportunity  to  compare 
its  costs  of  holding  or  expanding  its  share  of  the  market  with  the 
corresponding  expenditures  of  its  competitors. 

A.  The  cost  of  increasing  share  of  market:  As  a  first  step  in  the 
analysis,  company  marketing  expenditures  for  several  years  past  are 
collected.  They  include  all  expenditures  which  are  intended  to  main- 
tain or  increase  sales  volume,  such  as  sales  costs,  advertising,  promo- 
tion, product  development,  and  market  research. 

Comparable  data  are  collected  on  competitor  operations.  Obviously 
this  must  be  an  estimating  operation:  but  published  financial  state- 
ments, trade  reports,  and  other  "intelligence"  can  usually  provide 
adequate  data.  A  next  step  is  to  relate  past  shifts  in  share  of  the 
market  to  the  individual  marketing  expenditures  per  dollar  of  sales 
for  each  competitor  during  the  period  in  which  the  shifts  have 
occurred.  By  comparing  the  company's  marketing  expenses  per  dollar 
of  sales  with  those  of  competitors,  a  marketing  expenditure  ratio  can 
be  obtained.  This  ratio,  in  turn,  when  plotted  against  the  net  change 
in  the  company's  share  of  the  market  which  has  occurred  in  the  past, 
provides  a  means  of  estimating  the  added  expenditures  necessary  to 
increase  the  company's  share  of  the  market  by  any  given  percentage. 
This  relationship  can  be  plotted  as  shown  in  Figure  7.  As  is  shown 
on  the  chart,  the  cost  of  increasing  the  share  of  the  market  goes  up 
more  rapidly  than  does  the  share  of  the  market  itself.  This  chart 
might  be  used  as  follows: 

Suppose  the  company  management  decides  to  increase  its  share  of 
the  market  in  1958  to  20  per  cent,  an  increase  of  2  percentage  points 
over  1957.  Using  Figure  7,  or  its  equation,  the  ratio  of  company 
expenditures  to  competitors'  expenditures  per  dollar  of  sales,  which 

*  R.  S.  Weinberg,  "Multiple  Factor  Break-even  Analysis,"  Operations 
Research,  April  1956,  pp.  152-186. 
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is  necessary  for  such  an  increase  in  a  single  year,  is  found  to  be  160 
per  cent.  This  means  that  to  achieve  this  expansion,  the  company 
must  spend,  for  each  dollar  of  sales,  1.6  times  its  competitors'  ex- 
penditures per  dollar  of  sales.  It  is  next  esitmated  that  competitors 
will  spend  $22  million  in  1958  on  marketing.  The  total  industry 
market  is  estimated  at  $490  million.  On  this  basis  the  company 
would  have  to  spend  $9  million  on  marketing  to  capture  20  per  cent 
of  the  market,  while  the  cost  of  holding  its  present  18  per  cent  would 
require  a  marketing  ratio  of  only  98  per  cent,  or  a  cost  of  $4.7 
million. 

The  increase  in  dollar  sales  in  going  from  18  per  cent  to  20  per 
cent  would  be  only  $9.8  million.  If  the  direct  manufacturing  costs 
of  this  added  volume  were  $5.6  million,  the  proposed  expansion 
would  be  unprofitable  in  1958,  as  the  company  would  have  spent 
an  additional  $9.9  million  to  increase  sales  revenues  by  $9.8  million. 
However,  once  a  larger  share  of  the  market  has  been  captured,  its 
retention  becomes  less  costly;  therefore  calculation  of  the  optimum 
share  of  the  market  should  also  include  incremental  returns  over  a 
period  of  years.  On  this  basis  the  expansion  of  share  of  the  market 
might  prove  to  be  profitable. 
A  further  use  of  this  type  of  analysis  is  to  show  the  increased 
earnings  that  will  accrue  from  an  improvement  in  the  efficiency  of 
the  marketing  dollar.  In  other  words,  the  value  to  the  company  of 
lowering  its  costs  of  sales  in  relation  to  its  competitors'  costs  can 
clearly  be  demonstrated.  The  analysis  can  also  be  used  to  measure 
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the  profitability  to  a  competitor  of  obtaining  a  larger  share  of  the 
market. 

B.  Limitations  of  this  technique:  This  form  of  analysis  is  subject 
to  certain  important  limitations: 

1.  There  may  be  considerable  difficulty  in  measuring  competitors' 
marketing  expenditures. 

2.  The  analysis  assumes  that  all  expenditures  are  equally  well 
spent.  It  does  not  take  into  consideration  differences  in  the  quality 
of  advertising,  sales  management,  promotion,  and  style.  Therefore 
it  will  not  work  well  in  situations  where  these  qualitative  factors 
are  predominant. 

3.  It  is  at  very  best  a  rough  approximation;  and  until  the  tech- 
nique is  considerably  refined,  it  should  be  regarded  only  as  a  guide 
and  not  as  a  proven  rule. 

Nevertheless,  it  has  been  useful  in  practice  in  finding  the  best 
level  of  marketing  effort  under  conditions  of  strong  competition, 
especially  where  marketing  costs  are  high  and  style  is  not  a  major 
factor. 

In  general,  it  appears  that,  for  certain  types  of  marketing  problems, 
solutions,  or  at  least  approximate  solutions,  can  be  found  by  analyti- 
cal means.  But  all  such  applications  should  be  approached  in  the 
same  way  one  would  approach  a  research  and  development  program. 
There  is  no  certainty  of  success;  the  problem  may  change  many 
times  during  the  period  of  study;  and  the  analysis  may  cost  more 
than  was  anticipated.  The  best  way  to  increase  the  chances  of  pay-off 
and  to  hold  down  costs  is  to  use  the  most  skillful  people  available 
to  direct  the  work.  In  summary,  the  types  of  marketing  problems 
which  may  in  some  cases  be  solved  by  analytic  means  include: 

1.  Allocation  of  sales  effort 

2.  Setting  of  sales  incentives  and  compensation 

3.  Evaluation  of  promotional  devices 

4.  Use  of  distributors 

5.  Distribution  financing 

6.  Budgeting  of  marketing  expenditures. 

Pricing  and  Bidding 

Pricing  is  one  of  the  marketing  problems  in  which  few  applica- 
tions of  mathematical  analysis  have  yet  been  made.  The  importance 
of  pricing  to  the  success  of  any  business,  however,  warrants  consid- 
eration of  the  new  techniques  as  possible  aids  to  judgment  in  this 
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field.  The  analytical  work  that  has  been  done  in  the  field  of  bidding 
is  encouraging  and  has  already  had  a  few  useful  applications. 

Pricing 

Analytical  work  on  price  determination  usually  founders  on  the 
rock  of  price-demand  relations.  If  one  were  able  to  make  fairly  accu- 
rate estimates  of  the  relation  between  price  and  sales  volume,  the 
optimum  price  policy  could,  in  many  cases,  be  determined  by  rigor- 
ous analytic  means.  Economists  and  mathematicians  writing  on  the 
subject  often  have  jumped  over  this  obstacle  by  assuming  a  "price- 
demand"  curve,  and  then  going  on  to  show  how  to  find  the  optimum 
price  with  this  curve.  A  man  with  an  excellent  reputation  and  on 
the  faculty  of  an  outstanding  university  has  written  an  article  in  a 
professional  journal  laying  out  the  mathematical  means  of  deter- 
mining the  optimum  price  under  a  variety  of  conditions.  The  paper 
starts  off  with  the  statement,  "The  merchant  is  assumed  to  know  the 
number  of  units  that  will  be  demanded  at  each  given  price.  .  .  ." 
But  this  is  seldom  true.  Until  analytical  means  are  developed  for 
gaining  this  knowledge,  pricing  will  remain  largely  an  intuitive  art 
practiced  by  the  experienced  and  skillful  merchandiser. 

This  is  not  to  suggest  that  price-demand  curves  are  beyond  the 
capabilities  of  analytical  solution.  Rather,  the  analytical  approach 
will  require  breaking  new  ground  and  may  be  a  costly  and  time- 
consuming  endeavor.  Because  both  prices  and  demand  are  always 
affected  by  many  rational  and  irrational  forces  in  the  economy,  it 
will  be  a  major  job  to  isolate  the  effect  of  each  factor  so  that  the 
direct  impact  of  price  on  volume  can  be  measured.  This  will  require 
a  willingness  to  conduct  experiments  in  pricing  and  to  collect  large 
amounts  of  data.  The  technique  of  factorial  analysis  may  prove  to 
be  particularly  useful,  both  in  experimentation  and  in  the  analysis 
of  the  resulting  data. 

Insofar  as  costing  can  be  made  more  accurate  by  analytical  means, 
pricing  will,  of  course,  be  facilitated  in  those  areas  in  which  prices 
are  negotiated  directly  between  the  supplier  and  the  purchaser  before 
production  begins.  Analytical  tools  of  costing,  such  as  linear  pro- 
graming, may  from  time  to  time  be  of  value  in  presenting  rate  cases 
before  government  regulatory  bodies. 

Bidding 

Work  done  by  Lawrence  Friedman  of  Case  Institute  on  competi- 
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tive  bidding  strategy  is  now  being  tested  by  at  least  one  large  corpo- 
ration.* It  provides  a  method  for  estimating  the  optimum  bid  to 
make  when  bids  are  to  be  sealed.  The  two  principal  factors  entering 
into  the  determination  of  the  optimum  bid  are: 

1.  The  probability  of  success  with  bids  at  alternative  prices 

2.  The  expected  profits  from  each  alternative  bid. 

As  the  maker  of  automobile  bumpers,  for  example,  increases  his 
bid,  his  expected  profit  increases,  but  the  chances  of  his  being  low 
bidder  decreases.  (If  the  bidding  were  for  the  purchase  of  securities 
or  for  oil  leases,  for  example,  the  high  bidder  would,  of  course,  have 
the  greater  chance  of  success  but  a  lower  profit  expectation.) 

The  Friedman  technique  identifies  the  bid  that  maximizes  probable 
profits.  In  this  technique,  the  probability  of  winning  is  determined 
by  analyzing  the  past  behavior  of  competitors. 

A.  The  probability  of  winning:  A  first  requirement  is  the  knowl- 
edge of  past  bids  submitted  by  each  competitor  in  similar  competi- 
tions. From  this  information,  one  can  develop,  for  each  competitor, 
a  probability  curve  showing  various  percentage  points  by  which  his 
bid  can  be  expected  to  vary  from  one's  own  bid  (or  estimate  of 
cost).  For  example: 

Probability  of  competitor  As 
bidding  above  or  below  the  company  s  bid 

I 

30%  I 


Percent  variance 
of  competitor  As 
bid  to  company  s  bid 


Company's  cost 
estimate 


*  Lawrence  Friedman,  "A  Competitive  Bidding  Strategy,"  Operations 
Research,  Vol.  4,  No.  1,  p.  104.  February  1956. 
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Thus,  the  probability  that  the  competitor  will  bid  above  the  com- 
pany's bid  will  be  equal  to  the  shaded  area  under  the  curve.  Similar 
curves  can  be  estimated  for  other  competitors,  and  these  can  then  be 
combined  into  a  single  probability  curve  for  all  competitors. 

B.  The  probability  of  profit:  Next,  the  probability  of  variances 
between  the  company's  past  bids  and  the  actual  cost  can  be  estimated 
from  past  records  of  successful  bids.  This  information,  together  with 
the  probability  of  winning  on  a  competition  with  any  given  bid, 
enables  one  to  estimate  the  probable  profit  for  each  alternative  bid, 
as  shown  below. 


Estimated  Profit 


(Loss) 


Point  of  maximum 
expected  profit 


Estimated  Cost 


Amount  bid 


Obviously,  this  tool  should  not  be  used  blindly,  but  only  as  an  aid 
to  judgment.  There  may  be  other  factors  which  dictate  a  different 
bid.  For  example,  if  the  bidder  has  a  full  production  schedule,  he 
may  decide  he  is  only  interested  in  another  contract  if  he  can  make 
a  return  of  at  least  "X."  Under  these  circumstances,  he  selects  his 
bid  price,  refers  to  the  distribution  of  past  bids  of  competitors,  and 
decides  whether  the  probability  of  success  is  sufficient  to  warrant  his 
entering  a  bid.  Equally,  if  the  bidder  is  primarily  interested  in  main- 
taining employment  during  a  slack  period,  he  may  reduce  his  bid 
below  the  optimum  in  order  to  increase  his  chances  of  being  success- 
ful, even  at  the  cost  of  profits.  Further,  the  bidder  may  have  addi- 
tional information  about  the  probable  bidding  of  competitors.  Such 
information  can  be  applied  either  by  altering  the  bidding  curves  of 
competitors  or  by  making  a  judgmental  correction  from  the  indi- 
cated optimum  bid.  In  either  case  the  analysis  is  an  aid  to  judgment, 
not  a  substitute  for  it. 

Advertising 

Advertising  may  offer  a  fruitful  area  for  the  application  of  ana- 
lytical techniques.  Like  pricing,  however,  it  is  an  area  of  so  many 
difficult-to-measure  factors  that  considerable  work  will  need  to  be 
done  before  mathematical  analysis  can  be  applied  to  any  great  extent. 
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Difficulty  of  Isolating  Effect  of  Advertising 

The  essential  problem,  of  course,  lies  in  the  difficulty  of  relating 
advertising  directly  to  sales.  While  it  is  possible  to  determine  what 
advertising  is  read  by  which  people,  and  how  much  they  remember, 
it  is  very  difficult  to  isolate  the  effect  of  advertising  on  the  consumer's 
decision.  Consequently,  advertising  budgets  are  usually  set  as  a  given 
percentage  of  sales,  even  though  there  is  seldom  much  objective  evi- 
dence to  support  the  resulting  figure  or  to  indicate  which  combina- 
tion of  media  will  yield  the  greatest  return. 

An  Analytical  Approach 

Arthur  D.  Little,  Inc.,  has  developed  an  analytical  approach  to  the 
planning  of  advertising  which  appears  to  provide  a  practical  tool, 
and  a  basis  for  further  research  and  development. 

In  essence,  there  are  three  elements  of  the  Little  analysis: 

A.  Rate  of  sales  decline  when  advertising  stops:  It  has  been  found 
that  sales  of  certain  products  for  which  advertising  has  been  stopped 
will  fall  off  at  a  rate  proportional  to  the  volume  of  remaining  sales. 
For  example,  sales  of  a  given  product  may  have  been  found  by  ex- 
periment to  drop  off  at  a  rate  of  50  per  cent  a  year.  If,  at  the  time 
advertising  is  stopped,  sales  are  at  the  rate  of  100,000  a  year,  then: 
at  the  end  of  the  first  year,  sales  will  drop  to  a  rate  of  50,000  a  year ; 
at  the  end  of  the  second  year,  they  will  be  at  a  rate  of  25,000  a  year; 
and  at  the  end  of  the  third,  12,500  a  year.  The  rate  of  decline  will, 
of  course,  vary  widely  from  product  to  product;  but  for  individual 
cases,  the  specific  rates  have  been  estimated  by  controlled  experi- 
ments in  which  advertising  is  temporarily  cut  off  in  a  given  area. 

B.  Relation  between  advertising  effectiveness  and  share  of  market: 
It  has  also  been  found  for  certain  products  than  any  given  level  of 
advertising  will  increase  sales  along  a  curve  which  tends  to  flatten 
as  the  share  of  the  market  increases.  At  a  definable  point  the  curve 
will  reach  a  saturation  level,  beyond  which  advertising  will  have 
little  or  no  effect.  This  curve  fits  the  general  rule  that  the  increase 
in  sales  per  dollar  of  advertising  will  be  proportional  to  the  differ- 
ence between  the  actual  level  of  sales  and  the  saturation  level. 

C.  Effectiveness  of  advertising  per  dollar  spent:  For  each  product, 
this  will  be  a  changing  value,  depending  upon  the  advertiser's  specific 
share  of  the  market;  but  it  has  been  possible  to  define  this  curve 
mathematically  so  that,  for  a  given  product,  it  can  be  completely 
plotted  from  a  limited  number  of  measurements.  Figure  8  shows  a 
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Source:  M.L.Vidole  ond  H.B.Wolfe,  Meosuring  Advertising  Effectiveness,  Arthur  D.  Little  Inc.  Cambridge,  Moss. 

typical  curve  of  buildup  and  decay.  Figure  9  shows  how  the  decline 
of  an  unadvertised  product  is  temporarily  halted  by  two  short  bursts 
of  advertising. 

All  three  of  these  factors  are  combined  into  a  single  mathematical 
expression  by  means  of  which  it  has  been  possible  to  estimate  the 
following: 

1.  The  increase  in  sales  that  can  be  expected  from  a  given  adver- 
tising campaign 

2.  The  most  efficient  level  of  advertising  expenditures  during  the 
buildup  of  a  new  product 

3.  The  optimum  steady-state  advertising  budget  for  an  established 
product 

4.  The  best  length  of  an  advertising  campaign  designed  to  boost 
sales 

5.  The  best  allocation  of  a  given  advertising  budget  among  differ- 
ent products 

6.  The  optimum  advertising  effort  to  provide  a  given  "return  on 
investment" 

In  its  present  form,  there  appear  to  be  two  major  limitations  to  this 
technique.  First,  it  does  not  consider  the  effects  of  advertising  and 
marketing  programs  of  competitors.  Second,  it  does  not  consider 
other  means  of  increasing  sales,  such  as  promotion,  price  concessions, 
direct  sales  effort,  style,  and  product  differentiation.  This  approach 

113 


$5000 
4000 

3000 
2000 

1000 
900 
|  800 
Z.  700 
I  600 
500 

400 

300 


1952  1953  1954  1955 

Figure  9 

Product  C  -  soles  history 

Source:  M.L.Vidole  ond  H.  B.Wolfe,  An  Operations  Research  Study  of 

Sales  Response  to  Advertising,  Arthur  D.  Little,  Inc.,  Cambridge, Moss. 

can,  however,  be  incorporated  into  broader  analyses  that  do  con- 
sider these  other  factors. 

In  summary,  a  principal  difficulty  in  conducting  research  in  mar- 
keting is  the  difficulty  in  separating  out  the  many  factors  which  are 
acting  simultaneously  to  influence  the  purchasers'  decisions.  The 
powerful  tools  of  statistical  analysis,  especially  factorial  analysis, 
provide  encouraging  possibilities  for  further  work  which  may  ulti- 
mately be  of  considerable  value  in  marketing  decisions.  The  possi- 
bilities of  significant  advances  in  the  solution  of  basic  advertising 
problems  are  sufficiently  attractive  to  justify  analytical  research  being 
undertaken. 

Inventory  Control 

In  many  industries  the  control  of  inventory  is  intimately  related 
to  the  scheduling  of  production,  and  the  two  should  be  treated  as  a 


114 


single  problem.  But  where  inventories  are  maintained  by  purchases, 
the  optimum  inventory  level  is  that  which  minimizes  the  total  of  two 
classes  of  costs: 

1.  The  costs  associated  with  ordering  and  storing: 

(a)  The  costs  of  storage 

(b)  The  costs  of  capital 

(c)  The  costs  of  ordering  and  handling 

(d)  The  cost  differentials  for  orders  of  different  sizes 

2.  The  costs  of  running  out  of  stock: 

(a)  The  costs  of  special  services,  such  as  air  delivery 

(b)  The  direct  costs  of  lost  sales 

(c)  The  indirect  costs  of  lost  sales,  such  as  permanent  loss  of 
accounts  to  competitors 

Some  of  these  costs  are  relatively  easy  to  compute;  others  are  more 
difficult.  The  costs  of  lost  sales  usually  can  only  be  estimated  roughly. 
Yet  inventory  policies  that  ignore  these  costs  will  often  be  badly 
distorted  and  needlessly  expensive  in  terms  of  lost  sales. 

Runout  versus  Storage  Costs 

In  many  cases,  inventory  withdrawals  have  a  large  unpredictable 
or  random  element.  In  this  situation,  the  costs  of  running  out  of 
stock  must  be  expressed  in  terms  of  probability  distribution  rather 
than  fixed  costs.  In  such  cases  the  probability  for  each  of  several 
levels  of  sales  is  calculated.  For  example,  the  probability  distribution 
of  sales  in  a  given  month  might  be  as  follows: 


Number  of  items  sold  in  month  Probability 

1  12% 

2  17 

3  22 

4  20 

5  16 

6  10 

7  2 

8  1 


If  the  costs  of  holding  and  storage  are  $15  per  month  per  unit, 
and  if  the  costs  of  running  out  are  $100  per  lost  sale,  how  many 
should  be  stocked  as  protection  against  runout?  The  probable  cost 
of  lost  sales  for  any  given  size  of  inventory  is  equal  to  the  costs  of 
being  unable  to  fill  orders  of  various  sizes  above  the  inventory  level, 
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multiplied  by  the  probabilities  that  such  orders  will  actually  occur. 

The  optimum  safety  stock  to  maintain  is  that  which  will  minimize 
the  combined  costs  of  carrying  inventories  and  of  sales  lost  by  run- 
outs. It  can  be  calculated  as  follows: 


Cost  of  sales  lost 

Combined 

through  runouts 
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In  this  example  the  optimum  safety  stock  is  thus  5  units,  which 
will  result  in  a  combined  cost  of  inventory  holding  and  lost  sales  of 
$92.  If,  instead,  the  safety  inventory  were  set  at  3  units,  which  repre- 
sents the  most  probable  level  of  sales  for  the  period,  the  total  costs 
per  month  would  be  $140.  On  the  other  hand,  if  the  inventory  were 
set  sufficiently  high  to  preclude  (theoretically)  the  possibility  of  lost 
sales,  the  total  costs  would  be  $106.  (With  few  exceptions,  there  is 
always  some  small  possibility  of  running  out,  no  matter  how  high 
the  inventory ;  hence  it  will  be  impossible  to  have  complete  protection 
from  runout.) 
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Other  Factors  to  Consider 

A.  The  lag  between  ordering  and  delivery:  If  this  is  very  long, 
there  may  be  several  orders  outstanding  at  any  one  time.  The  deci- 
sion rule  on  reordering,  under  these  circumstances  must  take  into  con- 
sideration the  expected  future  deliveries  against  outstanding  orders, 
the  probability  of  variance  in  future  sales,  and  the  expected  delivery 
date  for  the  order  being  placed.  It  is  also  possible  to  include  in  the 
mathematical  analysis  the  element  of  uncertainty  in  the  promised 
delivery  dates. 

B.  Costs  over  the  long  term:  The  inventory  problem  may  also  in- 
volve the  question  of  optimizing  the  total  costs  over  several  successive 
time  periods,  such  as  weeks  or  months.  In  other  words,  it  may  be 
that  considering  all  time  periods  together,  rather  than  finding  the 
optimal  solution  for  each  time  period  separately,  will  yield  the  better 
solution. 

C.  The  reporting  system:  Delays  in  the  reporting  system  can  also 
cause  serious  distortions  and  swings  in  production  and  inventory 
levels.  If  production  levels  are  based  on  inventory  levels,  a  lag  in 
reporting  inventory  stock  can  sometimes  produce  violent  swings  in 
production.  Assume,  for  example,  that  production  for  each  week  is 
set  as  equal  to  sales  plus  the  difference  between  standard  and  actual 
inventory  levels.  If  the  inventory  is  below  standard,  production  is 
increased  to  make  up  the  difference.  If  the  inventory  is  above  stand- 
ard, production  is  decreased  by  the  difference.  If,  as  shown  in  Figure 
10,  reports  on  sales  and  on  inventory  levels  in  the  warehouses  take 
two  weeks  to  arrive  at  the  factory  scheduling  office,  violent  and  con- 
tinuing oscillations  in  production  will  be  produced  by  a  single  change 
in  level  of  sales.  In  this  example,  sales  increase  in  the  third  week 
from  20  to  30  units  and  remain  at  the  higher  level  for  the  follow- 
ing weeks.  This  simple  change  will  produce  a  continuing  oscillation 
in  inventories  between  20  and  60  units,  even  though  sales  remain 
constant  at  30  units. 

If  the  delay  is  reduced  to  one  week,  the  immediate  swing  in  pro- 
duction is  reduced  considerably  and  stability  is  reestablished  quickly, 
as  shown  in  Figure  11.  If,  on  the  other  hand,  the  delay  in  reporting 
is  increased  to  three  weeks,  even  more  violent  oscillations  result. 

It  therefore  may  be  important  to  include  in  an  inventory  model 
expected  lags  in  reporting  of  sales  and  inventory  levels.  For  if  these 
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lags  are  known,  the  model  can  be  adjusted  to  prevent  recurring 
oscillations. 

Mathematical  servo-mechanism  theory,  originally  developed  to  con- 
trol radar  tracking  of  aircraft,  and  to  minimize  the  problems  of 
over-correction  of  antiaircraft  aiming,  can  have  direct  usefulness  in 
handling  problems  of  this  sort.  It  provides  a  means  for  filtering  out 
the  short-term  and  random  fluctuations  in  sales,  and  thereby  adjust- 
ing production  to  longer-term  trends  in  a  way  which  stabilizes  pro- 
duction and  inventory  levels. 
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Part  IV. 
CONCLUSION 


How  These  Techniques  Stand  Today 

Some  analytical  tools  are  of  proven  value,  others  are  of  consider- 
able potential  value,  while  still  others  will  have  little  practical  appli- 
cation unless  and  until  the  theoretical  work  is  pushed  considerably 
beyond  its  present  point.  Linear  programing,  queuing  theory,  prob- 
ability theory,  Monte  Carlo  methods,  and  simulation  techniques  are 
of  proven  value.  Dynamic  programing,  quadratic  programing,  and 
operational  gaming  have  been  used  successfully  in  a  few  cases  to 
solve  practical  problems  and  appear  to  have  considerably  greater 
potential  application.  Symbolic  or  mathematical  logic,  input-output 
analysis,  and  search  theory  have  today  limited  application  to  special 
problems.  Formal  game  theory  appears  to  have  little  or  no  practical 
application  in  its  present  state  of  development. 

It  is  my  own  belief  that  probability  theory,  simulation,  and 
mathematical  programing  will  have  a  major  impact  on  management 
over  the  next  few  years. 

Requirements  for  Successful  Application 

The  successful  use  of  these  new  tools  by  management  requires  both 
trained  mathematicians  and  skilled  management  specialists.  It  will 
also  depend  on: 
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A.  The  Selection  of  the  Problem 

L  A  problem  must  be  sufficiently  important  to  justify  the  effort 
and  cost.  Many  firms  have  approached  the  use  of  mathematical  ana- 
lysis by  selecting  a  small  problem  of  peripheral  value,  with  the  idea 
of  gaining  experience  before  tackling  a  problem  of  major  signifi- 
cance. Often  this  has  resulted  in  failure  and  disillusionment  because: 

(a)  The  solution  of  a  small  problem  turns  out  to  be  as  difficult 
and  costly  as  the  solution  of  a  problem  of  basic  importance 
would  have  been.  As  a  result  the  cost  and  effort  are  not  justi- 
fied by  the  limited  results. 

(b)  It  usually  turns  out  that  the  problem  has  been  inadequately 
defined,  and  it  soon  becomes  apparent  that  the  original  ap- 
proach must  be  greatly  broadened.  Management  at  this  point 
often  loses  patience  with  the  analysts  for  having  failed  to  solve 
the  problem  they  were  set  to  solve,  while  not  understanding 
the  need  to  broaden  the  problem's  definition. 

(c)  The  analyst  may  be  assigned  to  an  organizational  element 
appropriate  to  the  original  problem,  but  not  broad  enough 
to  handle  the  problem  as  it  is  redefined. 

The  alternative  is  to  concentrate  on  those  problems  to  which  solu- 
tion will  be  of  major  value  to  the  company.  Then  allow  plenty  of  time 
for  the  solution  to  be  worked  out,  and  be  patient  with  the  inevitable 
false  starts  and  delays.  On  the  other  hand,  the  problem  cannot  be 
so  broad  and  diffuse  that  it  cannot  be  solved.  The  best  compromise 
between  these  two  extremes  may  be  to  break  a  broad  problem  into 
several  pieces  which  can  be  tackled  one  at  a  time. 

Operations  research  has  been  of  considerable  value  and  potentially 
is  of  far  greater  value,  but  it  is  not  without  perils  of  its  own.  For 
some  problems,  the  new  techniques  work  wonderfully;  for  others 
they  do  not,  and  it  is  indispensable  that  we  cultivate  the  ability  to 
discriminate  between  the  cases  where  the  techniques  can  be  prof- 
itably applied  and  those  where  they  cannot.  This  will  call  for  inti- 
mate participation  and  consultation  between  decision  makers  and 
advisers,  not  just  the  farming-out  of  some  particular  vaguely  speci- 
fied problems.  Sophisticated  analytical  techniques  and  common 
sense  must  be  blended  to  yield  fruitful  results.  They  must  comple- 
ment, not  substitute  for,  each  other.* 

*  Malcolm  Hoag.  "Operations  Reserach — A  New  Science,"  Journal  of 
Business,  University  of  Chicago,  July  1957. 
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B.  A  Definition  of  the  Problem  Sufficiently  Broad  so  that 
Dangerous  " Sub optimizations"  are  Avoided 

In  other  words,  one  problem  must  not  be  solved  by  creating  other 
and  possibly  worse  problems. 

C.  Adequate  Data  of  Sufficient  Accuracy,  Collectable  at 
Reasonable  Cost 

The  problem  and  its  form  of  solution  must  first  be  carefully 
thought  through  to  avoid  either  collecting  irrelevant  information  or 
failing  to  provide  the  essential  data.  Often  preliminary  models  will 
reveal  which  factors  are  critical  in  the  solution  of  the  problem  and 
which  are  not.  Advanced  statistical  techniques  are  of  great  value  in 
the  design  of  data  collection  and  analysis  programs  to  produce  the 
required  information  at  minimum  cost.  Finally,  a  skilled  analyst  will 
be  needed  to  adapt  the  form  of  solution  to  the  limitations  on  available 
data  and,  most  important,  to  calculate  the  degree  of  confidence  which 
can  be  placed  in  the  results. 

D.  The  Selection  or  Development  of  a  Technique  of  Solution 
which  Provides  the  Proper  Balance  Between  Simplicity 
and  Complexity 

Any  model  is,  by  definition,  an  abstraction  from  reality.  Many  ele- 
ments of  reality,  therefore,  must  be  eliminated  from  the  model.  The 
essential  skill  in  model  building  is  to  include  those  elements  which 
are  critical  to  the  solution  and  to  eliminate  all  which  are  not  essential. 
If  a  few  figures  on  the  back  of  an  old  envelope  suffice,  so  much  the 
better.  The  selection  of  safe  shortcuts  is  clearly  an  art.  In  the  more 
difficult  problems,  only  a  mathematician  with  a  depth  of  training 
and  experience  can  develop  a  feeling  for  the  method  which  provides 
sufficient  accuracy  without  unnecessary  refinements  and  frills. 

E.  The  Testing  of  the  Solution  to  Uncover  Errors 

Since  no  model  can  adequately  represent  reality,  there  must  always 
be  a  real  question  of  the  validity  of  the  solution.  Here  the  analyst 
must  be  encouraged  to  make  sensitivity  or  stability  analyses  and  to 
check  his  model  by  trying  it  out  on  the  past  before  it  is  accepted  as 
a  guide  to  the  future. 

F.  The  Selection  of  the  Proper  Criteria  by  which  to  Judge  the 
Relative  Merit  of  Alternative  Solutions 

The  criteria  selected  for  a  given  problem  will  be  more  specific  than 
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will  the  over-all  criteria  for  the  success  of  the  company.  If  misleading 
conclusions  are  to  be  avoided,  the  criteria  of  a  good  solution  must 
be  known  to  be  consistent  with  the  over-all  corporate  goals  and 
objectives. 

G.  The  Selection  of  a  Problem  which  is  Not  so  Urgent  that  a 
Crash  Solution  must  be  Found 

Good  work  takes  time.  However,  if  a  model  has  already  been  built 
and  proved  out  when  a  crisis  arises,  it  may  be  of  great  value  in 
finding  a  better  solution  than  would  otherwise  be  possible. 

As  a  result  of  the  developments  of  the  past  several  years,  it  appears 
that  we  are  now  approaching  a  point  where  mathematical  analysis 
can  be  of  great  value  in  the  organization  of  very  large  material  and 
human  systems.  We  now  accept  as  normal  the  very  heavy  costs  of 
design  for  complicated  machines  of  today.  The  design  of  a  modern 
aircraft  requires  several  thousand  man-years  of  the  time  of  scientists, 
engineers,  and  technicians.  Ships,  building,  and  power  plants  require 
similar  investments.  It  is  not  improbable  that  we  also  will  soon  be 
making  very  large  investments  of  technically  skilled  manpower  in 
the  design  of  analytical  systems  for  the  integrated  planning  and 
operation  of  major  man-machine  organizations,  such  as  a  world- 
wide complex  for  the  production,  transportation,  storage,  refining, 
and  distribution  of  petroleum  products. 

Finally,  the  pursuit  of  the  best  individual  decisions  by  use  of  these 
or  other  means  must  always  be  conditioned  by  good  judgment. 
L.  Tornquist  of  the  Cowles  Foundation  has  observed  that  the  deci- 
sion maker  who  tries  to  make  only  the  best  decisions  may  be  beaten 
by  a  decision  maker  who  deliberately  takes  the  risk  of  making  some 
less-than-optimum  decisions  and  as  a  result  makes  more  and  earlier 
decisions.  The  truly  optimal  strategy  contains  a  large  number  of 
approximately  optimal  decisions.  Occasionally  some  bad  decisions 
have  to  be  tolerated  if  the  decision  maker  is  to  increase  the  speed 
of  decision  making,  and  by  studying  the  consequences  of  bad  deci- 
sions, it  will  be  easier  later  on  to  find  better  decisions. 

Mathematical  analysis  properly  used  can  help  in  making  good 
over-all  decisions;  improperly  used,  it  may  try  to  find  a  few  "best" 
decisions  at  the  cost  of  making  many  other  "bad"  decisions. 

*  L.  Tornquist,  "The  Best  Can  Be  the  Enemy  of  the  Good,"  Cowles 
Commission  Discussion  Paper — Economics  No.  2074. 
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long-range,  optimum,  75 
Plant  utilization,  85 
Planting,  optimum  acreage  for, 
69-70 

Plants,  new,  scheduling  and 

locating,  55 
Poker  player,  and  mixed  strategy, 

38 


126 


Population  census,  14 
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New  Techniques  for  Management 

Decision  Making 

The  contemporary  problems  faced  by  management  are 
now  being  solved  by  new  analytical  methods  developed 
by  the  sciences  and  written  in  the  language  of  these 
sciences.  It  is  the  purpose  of  this  book  to  present  the 
new  analytic  methods  in  a  vocabulary  which  is  at  once 
precise  and  easily  understood. 


